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When a product is sold out, customers who prefer it may buy a substitute or leave without purchasing.
Efficient demand estimation in this setting is challenging when inventory is observed only at replenishments,
because the stockout times, and hence the products available to each customer, are unobserved. Estimating
demand efficiently under stockout substitution has been a challenging problem since Anupindi et al. (1998),
and it has become more pressing as the scale of such problem instances grows thanks to innovations in
retailing such as unmanned stores. We provide a complete solution to this problem for the multinomial logit
(MNL) model, the most widely used model of customer choice. Using a continuous-time representation of
the purchase process developed in Zhou et al. (2026), we show that the exact likelihood and its gradient are
one-dimensional integrals, no matter how many products, customers, or stockouts there are. Both can be
evaluated at a cost linear in the numbers of products and periods. Our method estimates demand for 2,000

products from 2,000 selling periods in under ten minutes.
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1. Introduction

Consider a retailer who periodically replenishes an array of products in a vending machine. The
inventory of each product is observed only at replenishments, immediately before and after each
one. Between two replenishments, which we call a selling period, customers arrive sequentially and
choose from the products that are still available; a customer whose preferred product has sold out
may choose a substitute or leave without purchasing. The retailer observes none of these choices and,
in particular, does not know when each product sold out. The question is whether the retailer can
estimate the demand for each product from the initial inventories and the number of units of each
product sold in each period, which we call the terminal sales. The same data structure (illustrated
in Figure 1 and formally introduced in Section 2) arises in traditional and unmanned retail stores,

where inventory is typically counted only at replenishments.
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Figure 1 One example selling period

Notes. The initial inventory is (2,3,2), and eight customers arrive. Sequences A and B both produce the terminal
sales (2,1,2), in which products 1 and 3 are sold out. Each circle shows a customer’s choice, with 0 denoting no

purchase. The brackets indicate the products available to each customer.

Stockouts cannot be ignored: after a product sells out, its sales stop and part of its demand
shifts to the remaining products. Accounting for this shift is difficult because stockouts occur at
unobserved times. The terminal sales reveal which products sold out, but not when, and therefore
not which products were available to each customer. The same terminal sales can result from many
purchase sequences, i.e., orders in which customers bought products or left, and their number grows
exponentially with the number of customers. In the small example of Figure 1, with three products
and eight customers, 1,680 purchase sequences are consistent with the observed initial inventory and
terminal inventory/sales. These sequences do not share the same likelihoods, because a product that
sells out early changes the choices of all later customers. For instance, product 1 sells out after the
second customer in sequence A but only after the seventh in sequence B, so customers 3 to 7 can
choose product 1 in sequence B but not in sequence A. The likelihood of the observed data is therefore
a sum over all the purchase sequences consistent with the initial inventory and terminal sales.

This estimation problem dates back at least to Anupindi et al. (1998) and remains an active area of
research (see Section 1.1). Existing likelihood-based methods enumerate, sample, or approximate the
purchase sequences, and each approach breaks down as the numbers of products and stockouts grow.
Expectation-maximization (EM) methods average over the possible times and orders of stockouts
within each period, which is tractable only when few products have stockouts: Anupindi et al. (1998)
carry out the EM calculations for up to two stockouts per period, and Conlon and Mortimer (2013)
report that direct calculation is feasible for up to three. Bayesian data augmentation (Musalem
et al. 2010, Wan et al. 2018) samples the purchase sequences; in our experiments, it takes several
minutes even with ten products. Shao and Kleywegt (2020) group the purchase sequences by the
order in which products sell out and sample these orders. Their sampling and approximation method
reduces the computational cost, but introduces simulation error or approximation bias that can affect
parameter estimates, and controlling these errors requires additional computation. This tradeoff
between computational cost and estimation accuracy is compounded because the likelihood must be

evaluated for every selling period at every iteration of the optimization. To our knowledge, the exact



likelihood has not been computed efficiently at a realistic scale, even under the multinomial logit
(MNL) model, the most widely used model of customer choice. The gap has widened as data have
grown: assortments now often contain hundreds or thousands of products.

In this paper, we close this gap for the MNL model. We build on a recent result of Zhou et al.
(2026), who represent the purchase sequence under MNL by a continuous-time system of independent
Poisson processes and use it to study inventory allocation under dynamic substitution. We use this
representation for a different purpose: to compute the probability or likelihood of an entire vector
of terminal sales. Our finding is surprising: the exact likelihood of each selling period is a one-
dimensional integral, no matter how many products, customers, or stockouts there are. The gradient
of the log-likelihood is also a one-dimensional integral, and both the likelihood and its gradient can be
computed efficiently through the integral expression. These results amount to a complete solution to
the problem: the purchase sequences are integrated out analytically rather than enumerated, sampled,
or approximated, and the cost of evaluating the likelihood and its gradient is linear in both the
number of products and the number of selling periods. In the numerical experiments, our method
estimates demand for 2,000 products from 2,000 selling periods within ten minutes on a single GPU,

whereas no other benchmarks complete much smaller instances within the time limit.

1.1. Literature Review

A stream of literature studies demand estimation with stockouts, typically in setups that differ from
ours. We compare these studies with ours below. Anupindi et al. (1998) and Conlon and Mortimer
(2013) both estimate demand from periodic inventory records, as we do. Anupindi et al. (1998) study
Poisson demand with a particular substitution pattern, and Conlon and Mortimer (2013) consider
more flexible choice models, including nested and random-coefficients logit. Both use EM algorithms
to handle the unobserved stockout times. However, the expectation step becomes complicated as the
number of stockouts in a period grows as illustrated in Figure 1, and both studies carry out the exact
calculations only when few products sell out in a period.

Musalem et al. (2010) and Wan et al. (2018) tackle the problem by Bayesian data augmenta-
tion, sampling the unobserved purchase sequences that are consistent with the data. Their setups
differ slightly: Musalem et al. (2010) allow heterogeneous customer preferences, and Wan et al.
(2018) consider nested logit models with substitution across both products and stores. Both treat the
total number of customers in each period, including those who leave without purchasing, as known,
obtained from total transactions or estimated externally (see Section 2 for more details). However,
sampling the purchase sequences is computationally intensive, and in our experiments it is practical
only for the smallest instances (Section 6).

Shao and Kleywegt (2020) is closest to ours, because they also attempt to formulate the likelihood

exactly and maximize it directly. They jointly estimate a Poisson arrival rate and the parameters of a



general discrete-choice model from initial inventories and terminal sales, without observing individual
choices, no-purchases, or stockout times. They group choice sequences by their stockout orders, i.e.,
the order in which products sell out. This allows them to simplify the calculation of the likelihood
significantly. However, the likelihood still requires enumerating or sampling stockout orders, which
remains prohibitive for large instances in our experiments. Our computation of the likelihood avoids
enumerating or sampling high-dimensional latent spaces altogether, and this is our most important
contribution to the literature. Shao and Kleywegt (2020) also leave identification open, suggesting
that because stockouts create more variety in choice sets, the number of potential customers may be
identifiable even when the initial assortment is fixed; we prove this under MNL (Section 5). Table 1

summarizes the studies above.

Choice model Number of Latent stockout history
customers
Anupindi et al. (1998) Poisson demand with Estimated EM; up to two stockouts per
one-stage substitution period
Musalem et al. (2010) Random-coefficients logit Given Sampled by MCMC
Conlon and Mortimer Nested and Given EM; up to three stockouts
(2013) random-coeflicients logit per period
Wan et al. (2018) Nested logit; substitution Given Sampled by MCMC
across stores
Shao and Kleywegt General discrete choice Estimated Enumerated or sampled
(2020)
This paper MNL Given or Integrated out analytically in
estimated the exact likelihood function

Table 1 Closely related studies

When individual transaction times, and hence stockout times, are observed or can be inferred, the
problem becomes much more tractable, even though no-purchases and potential customer arrivals
remain unobserved. Letham et al. (2016) exploit this information in a Bayesian model with nonhomo-
geneous Poisson arrivals and heterogeneous preferences. They construct a transaction-time likelihood
from purchase rates and note that the MNL no-purchase parameter is not identifiable when the arrival
function is unknown. Chen et al. (2026) develop a related model with covariate-dependent arrivals
and stockout-based substitution and derive an analytic transaction-time likelihood. Karabati et al.
(2009) group point-of-sale intervals by availability scenario and infer substitution from differences
in purchase rates. Zheng et al. (2026) estimate base demand from observations unlikely to contain

substitution and recover substitution probabilities by comparing demand across stockout conditions.



Even when all choices and stockout times are observed, Liu et al. (2026) show that maximum like-
lihood estimates of MNL choice probabilities are biased by stockout-induced endogeneity, and they
remove the bias by dropping the purchases that trigger stockouts.

A broader literature jointly estimates customer arrivals and preferences when no-purchases are
unobserved but the offered assortment is recorded for each period or transaction. Under MNL, the
arrival rate and the no-purchase probability are separated either through a common arrival rate
(Talluri and van Ryzin 2004, Newman et al. 2014) or by combining period-specific arrival rates
with external market-share information (Vulcano et al. 2012, Abdallah and Vulcano 2021). Related
methods accommodate rank-based, Markov chain, nested logit, and mixture-of-logit choice models
(van Ryzin and Vulcano 2017, Simgek and Topaloglu 2018, Cho et al. 2023, Wang and Xu 2025),
incorporate competitor information (Talluri and Tekin 2025), guard against errors in market-share
information (Cho et al. 2024), or develop integer-programming and moment-based estimators (Sub-
ramanian and Harsha 2021, Li et al. 2025). In all of these studies, the assortment faced by each
customer is known. In ours, it changes within the period at unobserved times, and we show that
these unobserved changes are nevertheless enough to separate a common arrival rate from the MNL
preferences.

A separate line of literature studies demand estimation in inventory control with censoring. Clas-
sical work treats a single product (Nahmias 1994, Agrawal and Smith 1996), and later work exploits
the timing of stockouts (Jain et al. 2015) or corrects for inaccurate inventory records (Mersereau
2015); Steeneck et al. (2022) estimate lost sales for substitutable products when on-shelf availability
is uncertain, using external market-share and availability information. Our setting differs in that
inventory records are accurate and no external information is used, but the times at which products
sell out, and hence the choice sets of later customers, are unobserved.

Finally, assortment and inventory decisions under stockout substitution have attracted consid-
erable attention recently. Several studies estimate substitution from retail sales and then optimize
assortments or inventories, typically treating availability as observed or constant within a period
(Kok and Fisher 2007, Fisher and Vaidyanathan 2014, Akchen and Caro 2026); Lee et al. (2016)
do so for new and used textbooks from season sales with unobserved stockout times. With known
demand parameters, a large literature optimizes assortments and inventories under stockout-based
substitution (Smith and Agrawal 2000, Mahajan and van Ryzin 2001, Honhon et al. 2010), often
through tractable approximations (Hopp and Xu 2008, Liang et al. 2021, Aouad and Segev 2023,
Zhang et al. 2025), and related work learns demand while making these decisions (Chen and Chao
2020, Liang et al. 2026). The continuous-time representations of MNL substitution developed for
such problems (Zhou et al. 2026, Zhou and Zhang 2026) are the starting point of our analysis.



2. Data and Model

A retailer sells J products, indexed by j € [J] ={1,...,J}, across N selling periods, indexed by
n=1,...,N. In period n, the retailer starts with the observed inventory vector ¥, = (y1.n,---,Ysn) €
Z7, where Zy ={0,1,...}. Customers then arrive sequentially and choose among the products that
remain in stock or leave without a purchase (choosing the outside option). To describe the dynamics
of the inventory process, let I; ,, = (I1 ¢ n,-..,17:,) denote the inventory immediately after customer
t has chosen, with I, = vy,. Customer ¢ sees the available set S;, ={j € [J]: [;;—1,, > 0}. Product
J has attraction ¢; =e% >0, and the outside option, product 0, is normalized to have attraction
o =1, or equivalently vy = 0. Observing S, ,,, the choice of customer ¢ in period n, C; ,, € {0,1,...,J},
satisfies the classic MNL model:
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Inventory evolves according to
Lin=1ljm1m —lic, =y, €], (2)

where Iy denotes the indicator function. Thus each arrival either leaves inventory unchanged or
consumes one unit of an available product. If customer ¢ buys the last unit of product j, then j is
removed from S;,, , and all subsequent available sets. At the end of the period, the retailer observes
terminal sales @, = (21,,...,2,), a realization of the random terminal-sales vector X,,.

We consider two data settings. In the known-arrival setting, the observed data are DY =
{(Yn,x,, T,)}N_,, and the unknown parameter is €, or equivalently v =log . In the Poisson-arrival
setting, the observed data are DY, = {(y,,x,)}_,, while T, ~ Poi()) independently across periods
(we use fn to distinguish from 7,, because Tn are unobserved latent variables). Here A > 0 is the
expected number of arrivals per selling period. Representing each period by the interval [0, 1], we
refer to A as the arrival rate. In addition to v, this rate is unknown and to be estimated. Figure 2
summarizes the inventory process and the information structure.

In the rest of the paper, when we discuss a particular period and there is no confusion, we suppress
the index n and use (y,x) to denote the observed inventories and sales, with 0 <z; <y, for every
product. Let A= {j:y; >0} be the initially available products, B={j € A:x; =y;} the products
that sell out by the end of the period, and C = A\ B the products that remain in stock. Adding the

subscript n denotes these sets for period n.
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Figure 2 Data-generating process for one selling period

3. Continuous-Time Representation and Exact Likelihood

A natural choice to estimate the parameters in Section 2 is a likelihood-based method. Consider
the known-arrival setting for simplicity. For a trajectory of purchases ¢ = (cy,...,cr), including no-
purchase outcomes, let C = (C1,...,Cr) and let S;(¢) be the available set obtained by applying (2).
Its complete-data likelihood is

evet

P,(C=cly,
( lv.T L1+ Y hes o €%

HEH

However, the seller does not observe the choice trajectory, which must be consistent with the terminal
sales:
T
P(x,T)= {ce {0.1,....J}" > Tie,—jy = for every j € [J]} :
t=1
Because x; <y;, every trajectory in P(x,T) is consistent with the initial inventory and the terminal
sales: before any purchase of j, fewer than x; <y, units of j have been sold. The number of such

trajectories can be exponentially large in 7', as illustrated in Figure 1. The observed-data likelihood

aggregates the complete-data likelihood over possible choice trajectories:

L(’U|y,:12,T): Z ]PI,(C:C“I],T) (3)

ceP(x,T)
Note that we treat y and T as given and « as the random sample being generated when expressing the
likelihood in this way. Directly enumerating P(x,T) can therefore be computationally prohibitive,
particularly when likelihood evaluation is repeated during optimization. Applying EM does not by

itself remove this difficulty: its expectation step must still average over latent histories conditional on



terminal sales. This latent-history calculation is a central challenge in Musalem et al. (2010), Conlon
and Mortimer (2013), Shao and Kleywegt (2020), and Steeneck et al. (2022).

We next represent the process in a different way to provide a tractable characterization of the
likelihood. We use the continuous-time representation developed for stockout-based substitution in
Zhou et al. (2026). The key idea is to embed the discrete-time events in Section 2, such as C;,, and
I+ », in a continuous-time system with Poisson processes. More precisely, consider J + 1 independent
Poisson processes (IL;(7));>0, j =0,...,J, with rates 6; and 6, =1. We use 7 for continuous time
and retain ¢ for the customer index. For j > 1, only the first y; counts can represent sales; process 0

records no-purchase outcomes and remains uncapped. Define the capped processes by
No(t) =Io(7),  N;(7) =min{y;, IL;(7)},  jelJ]. (4)

Note that the capped processes are still independent. This differs from the discrete-time model,
where products share the same sequence of customers. To connect the two systems, define Ny (7) :=
No(T) + ijl N;(7) as the total number of customer choices by (continuous) time 7, including no

purchases. For each integer ¢t > 1, define two quantities
o =1nf{7 > 0: Nyt (1) > t}, D;=j <= Nj(0:) — Nj(o, ) =1, ji=0,...,J,

where N;(o; ) =lim4,, N;(7). Here, o, is the first time at which Ny (7) reaches ¢, while D, records
which process contributes the ¢-th choice. In this definition, Dy, Ds, ... in the continuous-time system
represents sequence of choices and can be mapped to the customer choices C1,Cl, ... in the discrete-

time system. Zhou et al. (2026, Section 4.1) give the following equivalence in distribution:

LEMMA 1 (Continuous-time representation). For every fized t € Z.,
(Cy,...,C) 2 (Dy,...,Dy), (5)

where recall that Cy and D, are the t-th purchased product (including the outside option) in the

discrete-time and continuous-time systems, respectively.

We provide a brief introduction to the intuition behind Lemma 1 while leaving the details to Zhou
et al. (2026). The result hinges on the Independence of Irrelevant Alternatives (ITA) property of
the MNL choice probability, which keeps the choice-probability ratios among available alternatives
unchanged as other products sell out. Under the exponential interarrival times of independent Pois-
son processes, these choice probabilities become competing clocks, with the memoryless property
preserving the same choice dynamics after each event. These properties (ITA and memoryless) guar-
antee that although the inventory processes of different products in the discrete-time system seem

to be more intertwined, they are essentially “independent” under the continuous-time view.



One implication of Lemma 1 is that, if we plug in ¢ = T},, the number of customers in period n, then
(N1(or,),-..,Ns(or,)) have the same joint distribution as the terminal-sales vector X,,, conditional
on (yn,T,). We note that the underlying Poisson processes are independent as stochastic processes,
so N;(7)s are independent at any fixed 7. However, (Ny(o7,),...,Ny(or,)) are dependent because
the common random time o7, is determined by the total arrivals reaching 7,.

Using Lemma 1, we next analyze the likelihood of terminal sales (z1,,...,2,,), or equivalently
the joint distribution of (N;(o71,),..., Ns(or,)), through the continuous-time system. To do that, we
first study the joint probability at a fixed continuous time, without conditioning on a stopping time.
Given the terminal sales @, one can recover B and C, the subsets of products that are sold out and
in stock at the end of the period, respectively. For total no-purchase m and a fixed time 7 > 0, by

independence of the Poisson processes, we have

Gn(7;0) =P(No(1) =m, Ny (1) =21,...,N;j(T) =2 5) = T, (7) H o, (0,7) nyj (0,7).  (6)

jec jEB

Here, m, (1) == P(Poi(u) = k) = e #u*/k! is the probability mass function (PMF) of the Poisson dis-
tribution, and Fy,(u) := P{Poi(u) >k} =372, e *ul /1! is the tail probability. The joint distribution
reflects products in B and C differently: for j € C, N;(7) = z; < y; is equivalent to II;(7) = z;; for
Jj € B, N;(1) =y; is equivalent to II;(7) > y,. The number of no purchases Ny(7) remains uncapped.

The expression (6) gives the probability of the state (m,x) at a fixed continuous time 7. To relate
it to the likelihood of the discrete-time system, we need to integrate out 7. More precisely, we are
interested in the probability of the event (No(7), Ni(7),...,Ns(7)) = (m,x1,...,2;) for some 7 > 0.
Once the continuous-time system ever reaches the state (m,xy,...,2;), in the coupled discrete-time
system, what we observe is the terminal sales being @ = (x,xo,...,2;) given T=m+x,+ -+ 1z,
customers and initial inventory y. Vice versa, if the discrete-time system observes the terminal sales
observation & under T and y, then the continuous-time system (No(7), Ni(7),...,N;(7)) ends in

(m,z1,...,25).

LEMMA 2 (Terminal-sales probability representation). The probability of (Ny, Ny,...,N;)

hitting (m,xq,...,xz5) is

P((No(T), N1(7),...,Ns (7)) = (m,xy,...,2;) for some 7>0)=(1 +Z€j)/ Gn(T;0)dr.  (7)
j€c 0
To understand (7), it is helpful to view (No(7), N1(7),...,N;(7)) as a continuous-time Markov

chain. Because G,,(7;8) is the probability of being in the state (m,x) at time 7,

/0 Gm(7;0)dr =E [/O L (No (7). N (1)) =(m ) } dT}
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is the expected occupation time of that state. The process (No(7), N1(7),..., N;(7)) is nondecreasing
in each coordinate, so after leaving (m,) it cannot return. In this state, the outside-option process
has rate 1, the products j € C that remain in stock have rates 6;, and the sold-out products cannot
change any more. Hence the mean holding time in the state is 1/(1+ ;.. 0;), which yields (7).
By Lemma 1, reaching (m, ) is equivalent in distribution to observing terminal sales @ after T'=
m—+ ijl x; customer choices.

Compared with the likelihood representation in (3), Lemma 2 already removes the summation over
feasible choice trajectories. We next use this representation to derive tractable likelihood expressions

under the two data settings.

3.1. The Known-Arrival Setting
For a feasible observation with ;T < T, Lemma 2 gives the likelihood
LKw|y.2.T)=1+36)) /OO 7o) [[ 72, (0,7) [T o, (057) dr, (8)
jec 0 jec jeB
where s = Zjﬂ x; is total product sales and m =T — s is the observed number of no-purchase
outcomes. The notation L¥(v |y, x,T) emphasizes that the likelihood is a function of v (equivalently,
0), whereas y, «, and T are observed.
We next move the terms unrelated to 7 out of the integral. Let ¢ =3, .. x; be the total sales of
the products that remain in stock, and set p; =6;/(14+ X ,cc 0x) for j € A. Expanding the Poisson

masses in (8) and changing variables to u = (1+3_,.. 0;)7 gives

1+ e 0) e 057 [~ 3 —
X = ( ZJ'GC J)HJIGC J / e+ jec %) e [ Fy, (0;7) dr 9)
m!T[ec z;! 0 B
1+ . f.)—m ) x'j 00 o
_ ( Z]E'C J) 1_|[]€C 10] / um—i—ce—u Hij(p]u) du
m! [[ec 2! 0 jeB

(m+o)!
1+> 0 "1 / Fy,(pju

mlnecxj % 311 m+c) Eg YN
CK(v) RK (v)

In the remaining integral, u™ ¢e~"/(m + ¢)!, u > 0, is the density of U ~ Gamma(m + ¢+ 1,1).
Thus

H ij (pJU

jeB

This leads to the following result.

THEOREM 1 (Known-arrival likelihood). The likelihood of the known-arrival setting (8) can

be written as

L*(v|y,2,T)=C"(v)R"(v), (10)
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where
(m+c)! [Tccr;’
m! Lz (142 05)™

H ij (pj U)

jeB

% (v) = (11)

RK (’U) - EUNGamma(m+c+1,1) (12)

This factorization is helpful because the terms are treated separately in the log-likelihood log L¥ =
log C¥ +log R¥. When no product sells out, B=@, c=5s, m+s=1T, and RX =1, so the likelihood

reduces to CK

T! 1 " 0, "
LX¥w |y, z,T — .
(vly,zT)= T ea! <1+zkeA9k> g<1+zkeA9k>

This is the usual multinomial likelihood under the constant assortment A, considering the possible

permutations. When B # &, the product [[,;cx5 Fy, F,.(pju) is the probability that independent Poisson
random variables with means (p;u);eps reach their respective inventory, and R¥ averages this prob-
ability over the Gamma variable U. The factor R¥ is therefore interpreted as the correction for the
stockout-induced changes in the assortment.

ExAMPLE 1. Consider the period in Figure 1, with y =(2,3,2), T =8, and « = (2,1, 2). Products 1
and 3 sell out, so B={1,3}, C={2}, m=3, and ¢=1, and Theorem 1 gives
(1i9922>4’ ) =Eonumacsy [F2 (1%2) b (1%2)] '

The likelihood is thus a single one-dimensional expectation rather than a sum over the 1,680 purchase

C¥(v) =

sequences consistent with the data.

3.2. Poisson-Arrival Setting
When the total number of arrivals is unobserved, the number of no-purchase customers is also latent,

so the likelihood sums over its possible values:

L )\U\y, Z’/Ts-l-m X ZB|y, *S—’_m)

—Zﬂerm Kwly,z, T=s5+m). (13)

Substituting (8) into (13) and interchanging the sum and integral lead to
LF(wlyz)=(1+30, / S teem N (1) [T 7o, 0,7) [ B (0,7) dr
jec m=0 jec jeB
The only term in the integral that involves m is Y oo Tsim (X)) (7). Expanding the Poisson PMF,

we rewrite it as

> S
Z Tsrm(N) T (T) =€ O+ D (A7),
= s!
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where

yma S s 520 (14

m' (s+m)
The factor e=*\*/s! does not depend on 7, while ®,(\7) retains the effect of summing over the latent
no purchases.

Expanding the remaining Poisson masses and applying the same change of variables v = (1 +

> jec ;)T gives

e N1+ e 05) T 07

’ ) S!Hjecxj! ; )]1}3 y]( J )
6_)\)\81_[' pxj ©0 AU Enl
:—aem/uce—uq)i F, (pju)d
. ;(pju) du
S!H'ecx*! 0 142 jec b jll v
— H—x— ue P, HFy pju
S']EC <1+2J€C )]EB ’
CP(\v) BP(0)

In the remaining integral, u®e™"/c! is the density of U ~ Gamma(c+ 1,1). Therefore,

RP(\,v)=E {cp <1+Zjec )HF% p;U

JjEB

Compared with (9), the additional factor ®,(Au/(1+ 3_,c.0;)) remains inside the integral because

it depends on u. Thus, it preserves the one-dimensional expectation, giving the following result.

THEOREM 2 (Poisson-arrival likelihood). The likelihood of the Poisson-arrival setting (13)

can be written as

LY\ v]y,x)=C"(\,v)RF (A, v), (15)

where

—/\ s
CP(\,v) = AS'HM, (16)
Jjec
RP(\, ) =Ey o Camma(c D, F, (p;U 17
(A v) =Eung <+1,1>[ <1+2M )H ne (17)

The main difference from the known-arrival setting is that RY contains an additional factor associ-
ated with the latent no purchases. The tail factors ij (p;U) account for sold-out products as in R¥,
whereas ®,(AU/(1+ 3¢ 0;)) accounts for the unobserved total number of arrivals. For an observed
sales vector & with no sold-out products (B = @), every customer faced the same assortment A4
throughout the period. The likelihood therefore reduces to L” = [];c 4 7a, (A0; /(1 + X 4c.4 0k)), the

same probability of observing @ as in a model without inventory constraints.
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4. The Gradient of the Log-Likelihood and Its Computation

The exact likelihood in Section 3 reduces to one-dimensional integration. For estimation, we further
need to evaluate the corresponding gradients repeatedly and accurately. We first derive analytic
expressions for the gradient of the log-likelihood in the known- and Poisson-arrival settings, and then

develop a numerical procedure for evaluating these gradients.

4.1. The Gradient of the Log-Likelihood
In both the known-arrival and Poisson-arrival settings, by Theorems 1 and 2, the likelihood takes
the form L = CR. Our goal is to evaluate the derivative of log L =log C' + log R, with respect to the
parameters. The term log C' and its gradient have closed forms. As for the gradient of log R, we use
the known-arrival setting as an example to show how to obtain a tractable form.
Recall that
R = ! ' /OO um e H F, (pju)du.

(m+c)l'Jo ieB
The parameters v appear in p; inside ij. Lemma A.2 in Appendix A justifies differentiating under

the integral. Differentiating log R* with respect to v; yields

1 oo _
K m-+c _—u | I
Ou; log R = R¥(m+¢)! /o urreTa, keBFyk ()
1 R e —u TT Olog(I1ep Iy, (pru))
- - mtc,—u T eB Ly, d 1
RK(m+c)!/o e kll e (Pit) v, ! 1

where we use f'(z) = f(x)(log f(x))" in the second equality. The logarithm helps us break down the
product. For k € B and j € A, we have

[0 — PR Ty, —1(pr1t)
9 og T (ppu) = PE Tun=t\PRY) T Y
7, 108 i, (Prt0) 7, (et (Tj=ry — piljecy)

Moreover, note that the remaining factors in the integrand in (18) satisfy
__ /oo wte ] Fy(pru) du=1
RX(m+c)! Jo poar? Yk ’

because of the definition of R¥. This normalization defines a separate random variable W with density

wree [T By (1)

= 0 19
then (18) can be compactly expressed as
dlog R¥ [ B { _
——=Ey | —log F, (pru) .
a'Uj a’l)j ]}}3 Yk ——

For j € C, the explicit factor contributes 9,, log C* = x; — (m+c)p;; for j ¢ C, that derivative is zero.

Combining these terms gives
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THEOREM 3 (Gradient for known arrivals). In the known-arrival setting, for each product j

with positive initial inventory,

[ijﬂyjl(ij)] jEB
dlog L Fy(pW) | | (20)
ov; { lpkWW —1 (W)
x;j—pjsct+tm+ >y E Yk , jecC.
! ! I%:B v Fyk(pkW)

Here, recall that B and C denote the sold-out products and the products that remain in stock, respec-
tively, c=3";ccr;, m=T —s, and p; = 0;/(1 + 3 cc Ok). The random variable W has the density
given in (19), while (1) and Fy(p) denote the probability mass function and tail probability of a

Poisson random variable.

This result reflects how the parameters enter the likelihood. For a sold-out product, the derivative
with respect to v; is the expected derivative of its log Poisson tail probability with respect to v;, with
the integration variable held fixed. For a product that remains in stock, changing v; changes both
the explicit factor and the common denominator 143, . 0, and hence changes the tail argument of
every sold-out product. These effects produce the observed-sales term x; and the shared subtraction
in (20). Products with zero initial inventory do not enter the likelihood, so their corresponding
log-likelihood derivatives are zero.

The representation also simplifies gradient computation. For a given observation of a period, all
gradients use the same scalar random variable W. Once the expectations associated with the sold-out
products are evaluated, their sum determines the gradient of every product that remains in stock.
Thus, no separate numerical evaluation of the expectations is carried out for each component of v.
Section 4.2 uses this structure to evaluate the likelihood and its gradient simultaneously.

Under Poisson arrivals, the additional factor ®, in Theorem 2 contributes to the attraction gra-
dients and to the derivative with respect to the log arrival rate. The same differentiation argument
applies. Define a separate random variable W whose density incorporates ®,:

ute @ (Au/(1+ 3 0 05)) Tyes Fuy (prw)
RPc! 7

fw(u)= u >0, (21)

In addition, define

p AW
Vs(2) = z@log@s(z), 2 >0, ¥s(0) =0, m =Ky [ws (HZM)] .

The quantity 7 replaces m in the attraction gradients below. Appendix A provides the derivation.
THEOREM 4 (Gradient for Poisson arrivals). In the Poisson-arrival setting,

B lijWyjl(ij)] : jEB,

8log L? . ij (ij)

v, { [PkWW “1(pe W)
zj—pjsc+m+ )Y Ei — v , jecC.
! ! keZB v Fyk(pkw)
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In addition, for n=log A\,
dlogL? <
Olosl” _ s~ _xym.
on =
Both settings therefore require only one-dimensional expectations. The next subsection describes

their deterministic evaluation and the resulting optimization problem.

4.2. Computation of the Gradient

The remaining computation has four components: approximating these expectations using numerical
integration, evaluating the Poisson tail probability F, evaluating the functions ®, and v, and how
to implement the gradient-based likelihood maximization. Each component can be handled using
standard numerical methods, while the specific structure of our likelihood allows these calculations
to be implemented efficiently. We briefly describe the numerical methods used for the first three
components below. For the last component, we use the L-BFGS-B method (Liu and Nocedal 1989)
with a standard line search for step-size selection.

Generalized Gauss—Laguerre method for numerical integration. The expectation in the likelihood
can be written generally as [ u®e™"f(u)du. This form is naturally suited to generalized Gauss—
Laguerre quadrature (NIST Digital Library of Mathematical Functions 2026, Section 3.5(v)). For a
chosen @), the method uses () nodes and corresponding weights to approximate the integral by a finite
weighted sum. The quadrature approximation introduces numerical integration error, and increasing
@ provides a finer numerical approximation at a higher computational cost. Appendix B.1 gives the
implementation of the generalized Gauss-Laguerre method for our problem.

Evaluation of the Poisson tails. The Poisson tail F,(u) equals the regularized lower incomplete
gamma function. We evaluate it using torch.special.gammainc (PyTorch Documentation 2026). We
jointly evaluate the Poisson tail probability ij’n (1) and the derivative dlog Fy]‘,n (u)/0log v appear-
ing in the gradient formulas, where pu= p;,u and p; ., =0;/(1 4> ,cc, k) for j € A,. Appendix B.2
provides the numerical details for evaluating these quantities.

Evaluation of ®, and 1,. In the Poisson-arrival setting, both quantities involve an infinite sum.
(See their definitions in (14) and after (21).) The ratios of successive series terms eventually fall below
one and continue to decrease, allowing the omitted tails to be bounded by geometric sums, then it is
sufficient to approximate them with the sum of a truncated sequence. Appendix B.3 documents the
details and provides an error analysis.

Computational complexity. For observation n, computing the total sales s, = ijl Zjn, the sales
Cn = jcc, Tjn Of the products that remain in stock, the common denominator V,, =143, 0;, and
the remaining closed-form terms in the gradient requires O(.J) time. The remaining work is performed
over the () nodes in the numerical integration. At each node, product-specific calculations are needed

only for the sold-out products j € B,,, while all gradient components share the same normalized
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weights for approximating expectations under W or . Under Poisson arrivals, evaluating ® and v
adds one scalar calculation per node. Counting each scalar-function evaluation as one operation, the

gradient evaluation requires

O(NJ+Q§:(1+|BRI)> <O(NQJ). (22)

For a fixed @, this number of operations is linear in both N and J. The arithmetic cost of each scalar
evaluation also depends on the number of series terms required. The computation is lighter when
fewer products sell out, because fewer Poisson tails need to be evaluated. For N =500, J =100, and
@ = 128, the average time per gradient iteration is approximately 0.038 seconds under known arrivals
and 0.080 seconds under Poisson arrivals on one NVIDIA RTX 5090 GPU.

5. Theoretical Analysis
The gradient expressions in Theorems 3 and 4 make gradient-based methods computationally efficient
in each iteration. We next study the curvature of the log-likelihood and the identification of the

model parameters, which provide conditions for the convergence of the gradient-based methods.

5.1. Known Arrivals

We first consider the known-arrival setting. Theorem 1 factorizes the likelihood into two terms.
Because we maximize the log-likelihood, it suffices to establish the concavity of log C¥ and log RX.
We focus on these two terms given the observation of a single selling period. We can show that the
term log C¥ is (weakly) concave, while log R¥ is strictly concave when at least one product sells out.
On the other hand, if no product sells out, then log C¥ is strictly concave. These properties yield the

following result.

THEOREM 5 (Global concavity in the known-arrival setting). For any  known-arrival
observation (y,z,T) with T > 1, the sample log-likelihood log L* (v) is jointly strictly concave in the

log attractions of products with positive initial inventory, provided at least one such product exists.

For a single-period observation, the log-likelihood is strictly increasing in v; whenever product j sells
out. Consequently, a finite maximizer does not exist if at least one product sells out in that period.
After aggregating the data from multiple periods, the sample log-likelihood is strictly concave in
the parameters of products initially stocked in at least one period with T}, > 1. Therefore, any finite
stationary point is the unique global maximizer over these parameters.

Because identifiability concerns whether different parameter vectors generate different terminal-
sales distributions, it is a weaker condition than global concavity. Indeed, if the log-likelihood is

strictly concave, then it leads to identifiability. This observation leads to the following result.

COROLLARY 1 (Identifiability in the known-arrival setting). For any fived (y,T) with T >
1, the parameters 0; of products with positive initial inventory are identifiable from the distribution

of terminal sales X.
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5.2. Poisson Arrivals
Unlike the known-arrival setting, the Poisson-arrival log-likelihood need not be globally concave
in (n,v) for a single observation. Lemma A.7 in Appendix A demonstrates this using a zero-sale

observation, showing that nonconcavity can arise even without an observed stockout.

5.2.1. Identifiability Despite this nonconcavity, the parameters are still identifiable from the
terminal-sales distribution. Under Poisson arrivals, the main identification challenge is separating
the unknown arrival rate A from product attractions using only terminal sales. Before any stockout,
product j is purchased at rate Ag;/(1+ Zgzl 01). Hence, the pre-stockout sales dynamics depend
on A and 6@ only through these product-specific purchase rates, making the two components indis-

tinguishable before stockouts occur. For instance, when there is one product (J =1), we have the

A6y
1+61

terminal sales X, 2 min{y,, Z}, where Z ~ Poi( ) Thus, the terminal-sales distribution identifies
only A, /(1+06;) as a whole.
For J > 2, stockout-induced substitution provides additional information. To separate the product
purchase rates from the remaining parameter, we reparametrize:
r A

J
o= oL =) a,, 0= —ui—nv. 23
T4+, * ; ’ 14+, 6, (23)

Here o is the purchase rate of product j before any stockout, and ¢ is the corresponding no-purchase
rate. The transformation is one-to-one: A = ay +6 and 0; = a; /9. Hence identifying (A, 8) is equivalent

to identifying (e, d). The zero-sale probability identifies the total pre-stockout purchase rate a:
P(X=0|y)=e¢". (24)

For any product j with y; > 2, selling exactly one unit of product j and nothing else does not cause
a stockout, so

P(X;=1, Xy=0fork#j|y)=ae . (25)

Thus, «; is identified for every product with at least two units of initial inventory.

If y; > 2 for every product, (25) identifies the entire vector a. With a fixed, Lemma A.5 in
Appendix A shows that expected total sales are strictly decreasing in §. Since this expectation is
determined by the terminal-sales distribution, ¢ is also identified.

When y; =1, in Appendix A we show that, the probability of the event that only product j is
sold is strictly increasing in both «; and 0, holding o fixed. If two parameter vectors generate the
same terminal-sales distribution and ¢’ > 4§, equality of their one-sale probabilities requires o < «;
for every product with y; =1, while (25) fixes a; for every product with y; > 2. This contradicts the
equality of o, implied by (24). Reversing the two parameter vectors rules out 6’ < 4, so J is identified,

and the same strict monotonicity identifies the remaining components of .
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THEOREM 6 (Identifiability under Poisson arrivals). Suppose J > 2 and fix any y € Z7, .

Then (\,v) € Ry, x R’ is identifiable from the conditional terminal-sales distribution.

Theorem 6 establishes identifiability without observed stockout times, variation in initial inven-
tories, or the total customer arrivals. This differs from identifiability based on observed assortment
variation. Abdallah and Vulcano (2021) study MNL estimation from period-level sales with observed
assortments and external market-share information. Under a strong-connectivity condition, they
establish identifiability of preference parameters but not of period-specific arrival rates. Here, the
assortment changes induced by unobserved stockouts help identifying both the common Poisson

arrival rate and all product attractions.

5.2.2. Local Concavity As noted at the beginning of Section 5.2, the log-likelihood of a single
period need not be concave under Poisson arrivals. Unlike in the known-arrival setting, the sample
log-likelihood therefore comes with no global concavity guarantee, and a stationary point reached by
a gradient method need not be a maximizer. We show that this difficulty disappears near the true
value once enough selling periods are observed: there, the average log-likelihood is strongly concave
with high probability. Recall that a twice-differentiable function is called ~-strongly concave on a
convex set if its second derivative along every unit direction is at most —v on that set.

Strong concavity of the average log-likelihood on a neighborhood has three consequences for
gradient-based methods. First, the neighborhood contains at most one stationary point, which then
maximizes the log-likelihood over the neighborhood. A gradient method that converges to a point in
the neighborhood has therefore found this maximizer rather than, say, a saddle point. Second, the
gradient bounds the distance to the maximizer over the neighborhood: at any point of the neighbor-
hood, this distance is at most the norm of the gradient of the average log-likelihood divided by 7.
Within the neighborhood, a small gradient thus guarantees that the numerical solution is close to the
maximizer, and numerical errors in the gradient, such as those from the quadrature in Section 4.2,
lead to proportionally small errors in the solution. Third, because the second derivatives are also
bounded on the neighborhood (see Appendix A), gradient ascent with a backtracking line search
converges linearly once its iterates are close enough to a stationary point in the neighborhood (Boyd

and Vandenberghe 2004, Section 9.3).

THEOREM 7 (Local strong concavity under Poisson arrivals). Let 8 = (n,v) with n =
log A, and let By be its true value. Suppose that J > 2, that the initial inventories are nonrandom and
take values in a finite set, that the terminal sales are independent across selling periods, and that the
fraction of periods in which every product is initially stocked is bounded away from zero as N — co.
Then there exist constants r,y > 0, independent of N, such that, with probability approaching 1 as
N — oo, the average log-likelihood N~! Zﬁ;l log L (\,v | Y, ®,,) is y-strongly concave in B on the
ball {B:[|B = Boll2<r}.
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Because r and v do not depend on N, the neighborhood and its curvature do not shrink as more
selling periods are observed, so the guarantees above do not weaken as data accumulate. The proof in
Appendix A builds on the argument for Theorem 6. For a period in which every product is initially
stocked, we can show the Fisher information is nonsingular at 8y, so its expected log-likelihood is
strictly concave (Lemma A.G). Because the periods in which every product is initially stocked make
up a positive fraction of the sample, the average log-likelihood inherits this curvature at By, as N

grows, and the concavity extends to a neighborhood of 3.

6. Numerical Study
In this section, we evaluate the accuracy and computational cost of our method and other benchmark

methods, when available, in a large extensive numerical study.

6.1. Experimental Setup
Data generation. Each replication generates one dataset of IV selling periods for J products. Within
each replication, we draw product attractions while fixing the no-purchase probability under the

initial assortment at py = 0.2:

1-— j ii
9] . Po eXp(ZJ) dN(O, 1)

.= ZjN

Po E;:l exp(z¢) ’

Thus }_, 0; = 4. In each period, we generate the total number of customer arrivals. We use a parameter
K to control the number of customers relative to the number of products: we let T,, = [kJ] in the
known-arrival setting and T, ~ Poi(A) with A = kJ in the Poisson-arrival setting. To generate the

initial inventory y; ,,, we use

N 0.
U-Annr\c}Uniform 0,2), Yin=max< 1, | con ———U, | ¢. 26
] 02, { { e H (20)

The term xJ6;(1+ 22]:1 6;)~! is the baseline expected demand for product j when all products
remain available. The multipliers U; ,, create variation in stocking levels across selling periods, while
cs controls the inventory availability.

For each dataset, we measure the realized stockout rate by % sz:l |B,.|, the fraction of product—
period observations ending in a stockout. For a target stockout rate (, we calibrate ¢, using indepen-
dent pilot simulations and then generate the sample with the calibrated multiplier. The details are
provided in Appendix C. The hyperparameters (J, N, k, () control data generation; each combination

defines an experimental setting.
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Ezxperimental settings and benchmarks. The main experiment uses J € {10,50,100}, x € {5,10},
¢ €{0.25,0.50}, and N € {200,500}, with 10 replications per experimental setting. Within each
replication, all methods use the same generated dataset.

Throughout the numerical study, we refer to our proposed likelihood-based estimator as Exact-MLE.
In the known-arrival setting, we use the following benchmark methods: (1) Naive MNL ignores
stockout-induced assortment changes and fits the MNL model using the initial assortment throughout
the selling period. (2) SK-SAA (Shao and Kleywegt 2020) approximates the likelihood by sampling
latent stockout orders. (3) For small experimental settings such as J = 10, we report DA-MCMC (Wan
et al. 2018), a computationally intensive Bayesian method that explicitly samples the latent stock-
out trajectory. Under Poisson arrivals, SK-SAA provides the closest likelihood-based benchmark and
jointly estimates the arrival rate and choice parameters by sampling latent stockout histories. We
also compare with Naive MNL when it is supplied with the true arrival rate A, because it is otherwise
unidentifiable, and with Exact-MLE under observed arrival counts to quantify the value of arrival
information.

Computation and metrics. We impose a 600-second time limit per replication on all methods except
DA-MCMC . Due to its computational cost, DA-MCMC is evaluated only for J = 10 and is run without
a time limit, as some of the larger instances require more than 600 seconds. If a method runs over
time, we report “—” in the table. The experiments are run on one NVIDIA RTX 5090 GPU.

For each method, let @\j denote its estimate of ¢;, and write 6= (51, . -,5.])- We report the root

mean square of productwise relative errors, rRMSEy, and the relative ¢, error, RelErry:

~ 2y 1/2 —~

1 (6,—0, 16 — 6|,

rRMSE, ={ = R , RelErry = —=.
’ JZ( 0 ) T

j=1
The first metric weights products equally when averaging squared relative errors; the second mea-
sures error relative to the norm of the attraction vector. Under Poisson arrivals, writing X for the
estimated arrival rate, we additionally report the relative absolute error RelErry = [A — A|/A. Errors

are computed within each replication and then averaged across replications.

6.2. Known Arrivals

Table 2 reports estimation errors and estimation times under known arrivals. Overall, our method
Exact-MLE achieves the best accuracy in the most settings and is computationally efficient. We
summarize the patterns below. First, the estimation error of Naive MNL comes from ignoring the
stockout substitution. It doesn’t diminish as the data size increases. Second, when the Bayesian
method DA-MCMC can compute a result within the time limit in the most settings, it is comparable
to our method Exact-MLE . However, DA-MCMC is not practical computationally even for instances of

mild scales. Third, in terms of scalability, SK-SAA is comparable to our method, with around 55%
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—0.25

J & N Exact-MLE SK-SAA DA-MCMC Naive MNL C
rRMSE, RelErro Eifg:}a(tsl;’“ rRMSE, RelErry Eifxa(tsm rRMSE, RelErro Eif;“;a(t:;’n rRMSE, RelErry Eif;“;a(tsl?n
10 5200 0.0510 0.0335 0.75 0.0517 0.0336 0.95 0.0522 0.0338 158.5 0.1443 0.1693 0.30
10 5500 0.0309 0.0191 0.91 0.0314 0.0202 136 0.0313 0.0192 386.1 0.1402 0.1605 0.32
10 10 200 0.0381 0.0264 0.77 0.0383 0.0269 0.93 0.0402 0.0267 152.0 0.1381 0.1513 0.32
10 10 500 0.0269 0.0200 0.98 0.0276 0.0203 1.38 0.0266 0.0202 3822 0.1377 0.1595 0.31
50 5200 0.0600 0.0251 100 0.0601 0.0256 1.58 - 0.1341 0.1389 0.34
50 5500 0.0397 0.0165 139 0.0402 0.0185 2.02 - 0.1318 0.1372 0.35
50 10 200 0.0417 0.0192 103 0.0429 0.0232 1.47 - 0.1334  0.1430 0.33
50 10 500 0.0270 0.0120 140 0.0278 0.0136 2.01 - 0.1279 0.1357 0.35
100 5200 0.0579 0.0252 110 0.0586 0.0276 1.88 - 0.1379 0.1345 0.34
100 5500 0.0360 0.0160 1.60  0.0364 0.0170 2.40 - 0.1311 0.1310 0.33
100 10 200 0.0404 0.0165 116 0.0420 0.0199 2.18 - 0.1286 0.1280 0.37
100 10 500 0.0251 0.0109 170 0.0262 0.0145 2.70 - 0.1251 0.1283 0.38
¢ =0.50

J v N Exact-MLE SK-SAA DA-MCMC Naive MNL

'RMSEy RelErr, Sumation pyiap Relfirr, Doimation pyiop Relfirr, Loumation: pyiop) Relfrr, Lotmation
time (s) time (s) time (s) time (s)
10 5200 0.0536 0.0373 0.79 0.0552 0.0415 102 0.0539 0.0381 241.6  0.2834 0.3082 0.32
10 5500 0.0352 0.0221 0.95 0.0369 0.0266 148  0.0360 0.0209 586.8 0.2766 0.3001 0.31
10 10 200 0.0402 0.0231 0.80 0.0441 0.0346 1.00 0.0398 0.0230 247.0  0.2979 0.3270 0.31
10 10 500 0.0261 0.0152 1.00  0.0283 0.0293 1.55 0.0257 0.0149 6242 0.2937 0.3257 0.31
50 5200 0.0564 0.0301 102 0.0597 0.0345 1.62 - 0.2723  0.2850 0.35
50 5500 0.0361 0.0173 141 0.0374 0.0269 2.13 - 0.2735  0.2908 0.34
50 10 200 0.0461 0.0210 115 0.0518 0.0327 1.77 - 0.2648  0.2762 0.33
50 10 500 0.0285 0.0153 1.60 0.0350 0.0296 2.39 - 0.2653 0.2818 0.32
100 5200 0.0600 0.0268 1.25  0.0636 0.0362 2.56 - 0.2587 0.2734 0.35
100 5500 0.0389 0.0169 1.85  0.0420 0.0266 3.04 - 0.2563 0.2707 0.36
100 10 200 0.0443 0.0198 1.24  0.0534 0.0366 2.45 - 0.2606 0.2709 0.37
100 10 500 0.0288 0.0125 1.87  0.0362 0.0263 3.18 - 0.2596 0.2705 0.40

Table 2 Mean estimation error and estimation time under known arrivals.
Notes. Boldface denotes the smallest mean estimation error in each row; DA-MCMC is reported only for J = 10 because

of its estimation time.

more estimation time on average. However, its estimation error is larger than ours especially for large
J. This is because SK-SAA approximates the likelihood by sampling latent stockout vectors, whereas
Exact-MLE evaluates the exact one-dimensional representation by deterministic quadrature. Fourth,
the estimation error of Exact-MLE changes little between the two target stockout rates (¢ = 0.25 and

¢ =0.50).

6.3. Poisson Arrivals
Table 3 reports estimation errors and estimation times under Poisson arrivals. For Poisson arrivals,
SK-SAA is the only benchmark that is applicable to this setting. To enrich the comparison, we include
Naive MNL, which treats A as known and ignores the stockout-induced assortment changes. The true
value of A needs to be provided for Naive MNL to be identifiable. We also fit Exact-MLE after revealing
the realized counts {7}, }2_, from the same Poisson-generated data. Conditional on these counts, the
fit uses the known-arrival likelihood. This comparison measures the effect of observing arrival counts
on estimation error.

The advantage of Exact-MLE relative to SK-SAA is more pronounced under Poisson arrivals, for

both estimation accuracy and computational efficiency. In particular, the reduction of estimation time
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Panel A: Target stockout rate ( =0.25

J x N Exact-MLE SK-SAA Exact-MLE Naive MNL

known arrivals true A

rRMSE, RelErry RelErry Eifﬁa(ts“)m rRMSE, RelErry RelErry Eifﬁa(tsl‘)m rRMSE, rRMSE,
10 5 200 0.3893 0.3808 0.0605 155 0.3883 0.3913 0.1743 14.95 0.0588  0.1476
10 5 500 0.1862 0.1826 0.0350 1.62  0.4038 0.4057 0.1976 39.46 00342  0.1427
10 10 200 0.2436 0.2435 0.0623 1.60  0.2808 0.2801  0.0930 12.78 0.0455  0.1473
10 10 500 0.1038 0.1044 0.0230 162 02366 0.2350 0.0815 36.25 00231  0.1435
50 5 200 0.4433 0.4399 0.0785 415 0.2593 0.2541 0.0740 30.35 0.0547  0.1332
50 5 500 0.2774 0.2705 0.0497 408  0.3596 0.3593 0.1425 88.74 0.0347  0.1342
50 10 200 0.2195 0.2110 0.0463 510 0.2391 0.2319  0.0827 34.22 0.0416  0.1366
50 10 500 0.0959 0.0880 0.0223 492 0.1780 0.1752  0.0546 92.28 0.0248  0.1305
100 5 200 03111 0.3015 0.0658 7.22 0.2003 0.1958 0.0633 41.19 0.0606  0.1315
100 5 500 02577 0.2569 0.0565 812 0.2210 0.2198 0.0709 101.21 0.0376  0.1275
100 10 200 0.1966 0.1920 0.0505 1046 02851 0.2817  0.1096 43.68 0.0438  0.1340
100 10 500 0.1351 0.1320 0.0313 1106 0.3327 0.3316  0.1232 131.53 00288  0.1311
Panel B: Target stockout rate ¢ =0.50
J k N Exact-MLE SK-SAA Exact-MLE  Naive MNL
known arrivals true A
rRMSE, RelErry RelErry Eiltﬁa(ts“;“ rRMSE, RelErre RelErry Eifﬁa(tsli’“ rRMSE, rRMSE,
10 5 200 0.1880 0.1795 0.0560 149  0.3637 03714 0.1824 15.79 00614  0.3134
10 5 500 0.1668 0.1596 0.0438 149 04220 0.4308 0.2186 33.92 0.0366  0.3086
10 10 200 0.1372 0.1297 0.0290 192 0.2506 0.2463  0.1032 19.96 0.0428  0.3059
10 10 500 0.1184 0.1110 0.0259 1.94 02866 0.2884 0.1168 38.34 00283  0.3106
50 5 200 0.1568 0.1447 0.0435 472 0.3970 0.3881  0.2403 31.04 0.0683  0.2686
50 5 500 0.0994 0.0873 0.0230 530 05314 05412  0.4141 81.11 0.0409  0.2645
50 10 200 0.1125 0.0999 0.0240 631  0.3241 0.3293 0.1988 32.87 0.0480  0.2610
50 10 500 0.0673 0.0597 0.0142 6.66 0.4957 0.5043 0.3291 106.07 0.0301  0.2663
100 5 200 0.1810 0.1636 0.0330 953 0.4305 04324 0.3078 42.67 0.0669  0.2638
100 5 500 0.0929 0.0782 0.0175 994  0.6583 0.6622 0.5944 113.81 0.0405  0.2582
100 10 200 0.1198 0.1077 0.0298 10.91 04060 04124 0.2134 44.77 0.0431  0.2568
100 10 500 0.0860 0.0787 0.0212 10.94  0.5686 0.5751  0.3791 132.87 0.0279  0.2557

Table 3 Poisson-arrival results averaged over ten replications.
Notes. The last two columns use observed arrivals and the true arrival rate, respectively. We only highlight the error

between Exact-MLE and SK-SAA .

is more than 90% and that of estimation error is more than 50%. When total arrivals are unobserved,
SK-SAA must also sum over possible arrival counts while approximating the likelihood associated
with each count. Exact-MLE sums out the unobserved arrival count analytically and retains a one-
dimensional likelihood representation. Compared to Exact-MLE with known arrivals, the estimation
error does increase significantly (more than 300%). It highlights the challenge of not observing the

total arrivals, and this challenge is fundamental.

6.4. Large-Scale Experiments

Table 4 reports results from the large-scale experiments using J, N € {500, 1000, 2000}, x = 5, and
¢ €{0.25,0.50}, with 10 replications per experimental setting. We fit only Exact-MLE under both
known and Poisson arrivals, as SK-SAA and DA-MCMC cannot be computed within the time limit.
Under known arrivals, estimation error is nearly unchanged as J increases at a fixed N, whereas
increasing N consistently reduces the error. At J = N = 2000, mean rRMSE is approximately 0.019,
with mean estimation times of 48.77 and 66.90 seconds for ¢ =0.25 and 0.50, respectively. Thus, the
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Panel A: Known arrivals

Target stockout rate ¢ =0.25 Target stockout rate ¢ =0.50
J N (RMSE,  RelBrr,  Coumation o pyvieE,  RelBm, | Doumation
time (s) time (s)
500 500 0.0375 0.0144 2.96 0.0377 0.0166 4.18
500 1000 0.0269 0.0102 5.05 0.0271 0.0118 7.20
500 2000 0.0190 0.0075 9.10 0.0190 0.0084 13.59
1000 500 0.0372 0.0152 8.24 0.0389 0.0160 10.51
1000 1000 0.0263 0.0106 14.76 0.0277 0.0114 20.18
1000 2000 0.0185 0.0073 27.92 0.0192 0.0079 38.48
2000 500 0.0389 0.0137 13.88 0.0385 0.0155 17.55
2000 1000 0.0273 0.0097 25.96 0.0272 0.0110 34.44
2000 2000 0.0191 0.0069 48.77 0.0192 0.0078 66.90
Panel B: Poisson arrivals
Target stockout rate ( =0.25 Target stockout rate ( =0.50
J N tRMSE, RelFrr, RelFr, E:f;:;a(ts“)m rRMSE,  RelErr,  RelErr, Eifﬁa(tsl;n
500 500 0.1533 0.1415 0.0314 31.77 0.1465 0.1381 0.0305 47.49
500 1000 0.1016 0.0920 0.0215 37.49 0.0962 0.0900 0.0203 60.23
500 2000 0.0370 0.0284 0.0058 50.37 0.0549 0.0500 0.0116 93.30
1000 500 0.0376 0.0145 0.0006 53.58 0.0442 0.0246 0.0047 81.83
1000 1000 0.0273 0.0113 0.0007 63.80 0.0365 0.0246 0.0054 99.76
1000 2000 0.0190 0.0076 0.0005 93.43 0.0279 0.0210 0.0049 207.74
2000 500 0.0376 0.0148 0.0007 110.70 0.0441 0.0253 0.0048 149.96
2000 1000 0.0267 0.0105 0.0006 142.24 0.0347 0.0227 0.0048 338.84
2000 2000 0.0189 0.0075 0.0005 285.07 0.0277 0.0207 0.0048 565.57

Table 4 Mean estimation error and estimation time for Exact-MLE in the large-scale experiments.

increase in parameter dimension does not materially degrade per-product accuracy in this design,
and Exact-MLE remains computationally practical at the largest tested scale.

Under Poisson arrivals, mean rRMSE also decreases with N. Estimation time is higher at the
larger target stockout rate ¢ =0.50. But even at J = N = 2000, the average estimation time is 285.07
seconds for ¢ =0.25 and 565.57 seconds for ¢ = 0.50. These results show that the one-dimensional

likelihood expression makes Exact-MLE very robust and scalable.

7. Concluding Remarks and Future Directions
This paper develops maximume-likelihood estimation for MNL demand when only initial inventories
and terminal product sales are observed, while customer choices, stockout times, and the assortments
faced by individual customers remain latent. Because we can express the (log-)likelihood function
and its gradient with a one-dimensional integral, we are able to use standardized numerical recipes
to maximize the likelihood efficiently, even for large-scale problems.

Several directions remain for future research. First, the continuous-time representation is made

possible by the IIA property of the MNL choice model. It is natural to ask whether other choice
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models, including observed covariates or customer heterogeneity, retain a tractable likelihood. A
one-dimensional representation is unlikely, but we may obtain a representation with a much lower
dimension than the latent space of choice sequences. Second, we have seen fruitful results in inventory
management and demand estimation when applying the continuous-time view to dynamic stockout
substitution, developed in Zhou et al. (2026). An exciting direction is to explore other operational

levers that can be analyzed thanks to this viewpoint.
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Appendix A: Proofs

Throughout this appendix, we mostly consider a single selling period and suppress the index n. We also
write V =1+, 0k, so that p; =0;/V for j € A.

We begin with Lemma 1, which is due to Zhou et al. (2026); we include a short proof for completeness
because the proof of Lemma 2 builds on it. The idea is to show that the choices (C;) in the discrete-time
system and the labels (D;) in the continuous-time system are generated by the same rule: given the past,

the next choice follows the MNL probabilities over the products that have not sold out.

Proof of Lemma 1: We first check that each D; is well defined. Since N > Ng =11y and IIy(7) — 0o
almost surely, every o; is finite almost surely. Moreover, because independent Poisson processes almost surely
have no common jump times, every jump of N, has size one, and exactly one of Ngy,..., N; jumps at each
O¢.

Next, fix h >0 and set oo = 0. The set of products that have not been sold out for the (h+ 1)st arrival,
Shir = {4 € 7] : Nj(on) <y},

is determined by (D, ..., Dy ). By the strong Markov property at the stopping time oy, the processes (IL; (o}, +
7)—10;(04))r>0, 7 =0,...,J, are independent Poisson processes with rates 6;, independent of the history up
to . The (h+ 1)st choice is made by whichever of Il and II;, j € §h+1, jumps first after ;. Since these

first jump times are independent exponential random variables with rates 1 and (6;)

j€§h+1’
0; .=
Y~ JESh,
1 + Zk€§h+1 ok
P(Dp1=j| Dy Di)=q 1 (A.1)
1+ ZkE§L+1 O
07 ] € [J} \ Sh+1~

In the discrete-time system, by (2), customer h+ 1 faces Spy1={j € [J] :y; — Zle Itc,=;3 > 0}, the same
function of (Ci,...,C)) as §h+1 is of (D,...,Dy). Hence, by (1), Cpy1 given (Ci,...,Cy) has the same
conditional distribution as Dy given (Dy,...,D;) in (A.1). Since the joint distribution of the first ¢ choices

is the product of these conditional distributions, (5) follows. O

For the proof of Lemma 2, we first compute the expected time that the continuous-time system spends
in the state (m,x) in two ways: by integrating the probability G,,(7;0) of being in the state at time 7,
and by multiplying the probability of reaching the state by the expected holding time there. We then show
that reaching the state is equivalent to observing the terminal sales x after T'=m + s customers, where

s= Z‘j]:l xj, which justifies the likelihood (8).

Proof of Lemma 2: Write N(7) = (No(7),...,N;(7)), and let 73, =inf{r >0: N(7) = (m, )} and 7oy =
inf{r > 7, : N(7) # (m, )} be the times at which the continuous-time system enters and leaves (m, x), with
inf @ = co. The event that N reaches (m,x) is H ={n, < oco}.

We first verify (6). For fixed 7> 0, No(7),...,N;(7) are independent, and P(Ny(7) = m) = 7, (7). For
J€C, x; <yj, so N;(7) =xz; if and only if II;(7) = z;, which has probability . (6;7). For j € B, x; =y;, so
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N;(7) = x; if and only if II;(7) > y;, which has probability I, (6;7). Multiplying these probabilities gives
(6).

Next, let O = fooo I;N(r)=(m,z)} dT be the total time that IN spends in (m,x). By Tonelli’s theorem,

E[O] :/ P(N(r)=(m,x))dr = / G (7;0)dr. (A.2)

0 0
On the other hand, every coordinate of IN is nondecreasing and right-continuous, so IN never returns to
(m,x) after leaving it; thus O = 7y — Tin on H, and O =0 on H¢. In state (m, ), only jumps of I, and of

I1;, j € C, change IN, because the other products are at their caps. Hence, by the strong Markov property

at Ti,, the holding time 7,4 — 73, is, conditional on H, exponential with rate V =1+ Zj cc 6;, and
P(H
(0] = B(H) fru — 7 | H] = T, (A3)

Equating (A.2) and (A.3) gives (7).

Finally, we show that P(H) =P(X =« | y,T) with T =m + s. Since every jump of Ny, has size one,
Niot(7) =T exactly when 7 € [or,0741), and N is constant on this interval. As the coordinates of (m,x)
sum to T, it follows that H = {N(or) = (m,x)}, the event that the first T" choices (Dy,...,Dr) consist
of m no-purchase outcomes and z; purchases of each product j. By Lemma 1, (Dy,...,Dr) has the same

distribution as (Ci,...,Cr), so P(H) =P(X =z | y,T), which justifies the likelihood (8). O

We next prove the gradient formulas in Theorems 3 and 4. In both settings, the likelihood factorizes as
L =CR. The factor C is explicit and can be differentiated directly, whereas the factor R is an integral, which
we differentiate under the integral sign. We first establish two lemmas: Lemma A.1 shows the properties of
the Poisson tail Fy and of the functions ®, and v, that we need, and Lemma A.2 uses these properties to

justify the differentiation.

LEMMA A.1 (Properties of the scalar functions). (a) Fory>1andpu >0, F;(,u) =m,_1(n). Con-
sequently, dlog F,(p)/dlog = h, (1), where
hy (1) = pry—1 () _ ymy(p)
,(n) =

Py Fy) C Y

(b) For s€Z, and z>0, ¥, (2) =D,y1(2)/(s+1),

1< ®,(2) < eV d 0<i,(z) < ——.
SO, and 0y <

Proof of Lemma A.1: For part (a), F,(u) =1— 34" m(p) and 7} = mp_y — m with 7y =0, so the
derivative telescopes to F;(,u) =7, 1(1n), and dlog F,(u)/dlog u = pm, 1(1)/F, (). The second expression
for h, follows from pm, (1) = ym,(p), and 0 < hy,(p) <y because F, (1) =", me(1) > my (1) > 0.

For part (b), the power series (14) has an infinite radius of convergence, so it can be differentiated term

by term:
= Zzm1 s zZm b, 1(2)
P (2)=s! =gl =2
() smz:;(m—l)!(s—&—m)! SmZ::Om!(s—i—l—i—m)! s+1

Since the coefficient of 2™ in @,y is (s+1)/(s+1+m) <1 times that in ®,, we have ®,,; < P, and hence,
for z> 0 (the case z =0 being trivial),
2@ (z) z Do
0 < s = s = . < .
<¥s(2) D.(z) s+1 D(z) ~s+1
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Iterating the comparison gives ®,(z) < ®o(2) = 3,50 2™/(m!)?, and since 1/(m!)? = (%7) /(2m)! < 4™ /(2m)!,

Dp(2) < Z %ﬂ = cosh(2y/z) < e?V=.

Finally, ®.(z) > 1 because the series has constant term one and nonnegative coefficients. O

m=0

The proofs below use the derivatives of log pg, k € B, and of log z, where z = Au/V is the argument of ®,
in (17) and w > 0 is held fixed. Since log pr, = v, —log V', logz =n+logu —logV, and dlogV/dv; = p;Ijecy,
we have, for k€ B and j € [J],

dlog py, 0log py, 3logz dlog 2
—— =1 s —— =0 I =1. A4
Do, =k} — Pilgjecy an ; o, Pl an (A4)

These derivatives do not depend on u and lie in [—1,1], because p; <1 for j€C and BNC =@.

LEmMA A.2 (Differentiation in the integral). The functions R¥ and RY are continuously differen-

tiable in v and in (n,v), respectively, and, for any coordinate 9 of the corresponding parameter vector,

Olog RX 0 —
a‘éiﬁzmw aﬁlog{HFyk(pku)} ] (A.5)
keB u=Ww
Olog R 0 Au —
BR gy, aﬁlog{ (V)HF%W)} ] (A.6)
keB W

where u is held fived in the differentiation and W and W have the densities (19) and (21).

The idea behind Lemma A.2 is sunple If R= fO u) du for a positive function f that depends on the
parameters, then, formally, 0y R = fo u) Oy log f(u )du. Dividing by R turns the right-hand side into an
expectation under the density f/R, which is how W and W arise. The proof only needs to justify the

interchange of differentiation and integration.

Proof of Lemma A.2: We give the proof for RY; for RX| replace ®, by one and ¢ by m + ¢. By (17),

fo u) du with the positive 1ntegrand
—u Au
flu)= HFyk PrU), Z=
keB
By the chain rule, the definition of 1, and Lemma A.1(a),
dlog f(u) 8log z 0log Pk
ag sl + h(oru ) (A7)

keB

so, by Lemma A.1 and (A.4), [0log f(u)/00| <z + 3", .5 Yk
Fix a parameter value and a bounded open ball A" around it, and let A = sup WA < 00, 50 that z < Au on
N because V > 1. Since ®,(z) < e?V# and F,, <1, for every parameter value in A and every u > 0,

0 01 ‘e o/ [+
‘ J;E?u) =f(u)‘ ogg(u) Suz eV A (MH—%%) =g(u).

Because 2V Au < u/2 + 2\, the function g is bounded by a multiple of u¢(1 + u)e /2 and is therefore
integrable. By the mean value theorem, g also bounds the difference quotients of f(u) in ¥ on N, so, by

dominated convergence,

ORP d _/ flu Blogf ) du,
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which, again by dominated convergence, is continuous on N because 9 (u)/d9 is continuous in the parame-
ters. Dividing by R” > 0 and noting that f/R" is the density (21) of W gives (A.6). For R¥, the dominating

function (3, g yk)u™ e /(m+ c)! works for all parameter values. O

Proof of Theorem 3: By (11) and log pr = vr —log V', we have log C¥ = constant + Y, . xxv, — (m +
¢)logV. By Lemmas A.1(a) and A.2, and since the derivatives in (A.4) do not depend on u,

Olog R¥

dlo
o = > B [y ()] (A.8)
U

keB 0v;

If j € B, then logC¥ does not depend on v;, and dlogpy/dv; = Ij;—py for k € B, so dlog L¥/dv; =
Ev [hy, (p;W)], which is the first case of (20). If j € C, then dlog C* /0v; = z; — (m+c)p,; and dlog py./Ov; =
—p; for every k € B, so adding dlog R*/0v; = —p; > cs Ew/[hy, (0 W)] gives the second case. O

Because h, > 0, the first case of (20) also shows that the log-likelihood of a single period is strictly

increasing in v; whenever product j sells out in that period, as noted in Section 5.1.

Proof of Theorem 4: The proof parallels that of Theorem 3. By (16), log CT = constant — e + sn +
> rec Tk — clog V. Substituting (A.7) into (A.6) gives, for any coordinate ¥ of (n,v),

dlog R 7810gz

_ dlog pi

where m = Ey, [0, (AW /V)]. If j € B, neither C* nor z depends on v;, so dlog LY /0v; = Ey [hy, (p;W)] as
in the known-arrival setting. If j € C, then dlog C* /dv; = x; — cp; and dlogz/dv; = dlog py/dv; = —p; for
every k € B, so

f)logLP
e m{c+m+ZEw yk(pkW)]}
J

keB
Products outside A do not enter the likelihood. Finally, dlog C* /On = s—\, dlogz/0n =1, and dlog p;/On =
0, 50 dlog LY /On=s— A +m. O

We now turn to Theorem 5. Since log L¥ = log C¥ +log R¥, we establish joint strict concavity by consid-
ering the two terms separately. The explicit term log C¥ is concave and becomes strictly concave when no
product sells out, in which case RX = 1. When at least one product sells out, we establish strict concavity of
log R¥ in two steps: we first show that its integrand is jointly strictly log-concave in the active log attractions
and the integration variable u, and then apply the following lemma to show that integrating out u preserves

strict log-concavity.

LEMMA A.3 (Integration preserves log-concavity). Let f:R7 x (0,00) — (0,00) be continuous and
jointly log-concave, and suppose that F(v fo (v,u) du < 0o for every v € R?. Then logF is concave on

RY. If f is jointly strictly log-concave, then logF is strictly concave.

Proof of Lemma A.3: Fix vy,v; € R” and t € (0,1), and let v, = (1 — t)v, + tv;; we show that F(v,) >
F(vg)'7'F(v;)". The idea is to pair the points that split F'(vy) and F(v;) at the same fraction. For i € {0,1},
the function K;(w) = [;° f(vi,u)du is continuously differentiable on (0,00) with K/(w) = f(v;,w) > 0 and
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increases from 0 to F'(v;). Hence, for each a € (0,1), there is a unique u;(a) >0 with K;(u;(a)) = aF (v;),
and, by the inverse function theorem, w; is a continuously differentiable increasing bijection from (0,1) onto
(0, 00) with

[ (vi,ui(a)) uj(a) = F(v;), i=0,1. (A.10)

The convex combination u; = (1 — t)ug + tu; is again such a bijection, so the change of variables u = u;(a)

gives
F('ut)z/o f (v u(a)) ) (a)da
Zlfmwmeﬂ%m@W%@”%@Wa
:./o F(vo)'  "F(v1)' da= F(vy)' " F(v,)".

The inequality uses the log-concavity of f at (v, us(a)) = (1 —t)(vo,ue(a)) + t(v1,u;(a)) and the weighted
arithmetic-geometric mean inequality u}(a) > ug(a)' " (a)?; the second equality follows from (A.10). If f
is jointly strictly log-concave and vq # vy, the log-concavity inequality is strict for every a € (0,1). Hence

F(v) > F(vg)* 'F(vy)". O

Proof of Theorem 5: We work with the active log attractions (v;);c.4, since products outside A do not

enter the likelihood. By (11),

log C¥ = constant, + Z zjv; — (m+c)log (1 + Z evj) ,
jec jec
which is concave because the log-sum-exp function is convex and m + ¢ > 0.
If B=, then C=A, m+c=T2>1, and R¥ =1. Recall that p; =0;/V =€% /(1+ ), _,€"*) in this case.
The Hessian entries of log C¥ are
2 K
=T (L= =), GhEA

Since p; >0 and ), , pr <1, the diagonal entries are negative and satisfy

=Tp; (1—Zpk> > 0.

ke A

~ PlogC®
ov?

9 log C¥
(%j (%k

keA\{j}
Thus the Hessian is symmetric, strictly diagonally dominant, and negative definite. Hence log LX = log C¥

is jointly strictly concave.

Then we consider B # &. By (12), fo (v,u)du <1 with the positive and continuous integrand
um+c —u
f(’U,U):WH v, (pi(V)u),

so, by Lemma A.3, it suffices to show that f is jointly strictly log-concave in (v,u). The key property is
that the probability that a Poisson random variable reaches a given level is log-concave in the logarithm of

its mean: for y > 1, the function g, (w) =log F',(e*) is strictly increasing and strictly concave. To see this,
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let = e”. By Lemma A.1(a), ¢} (w) = hy(u) >0, and differentiating log h, () = logy +logm, () —log F', (1)
with respect to w, using dlogm,(u)/dlog =y — u, gives

@y (w) =hy () {y —p—hy(n)}.

Hence g, is strictly concave if h,(p) >y — p, which holds immediately when p>y. When 0 < <y,

Z

Pl & .
my (1) ;yﬂ y+2) (y+10) <Z() u’

50 hy () = ym, (1) /Fy (1) >y — p.

Now,

log f(v,u) = constant + (m + ¢) logu — u+ Z qy, (log p;(v)+log u).
JjeB

Fix two distinct points (vg,ug) and (v, u;), and let (vg,u;) = (1 —¢)(vg, ug) +t(v1,uq) for ¢ € (0,1). For each

J € B, joint concavity of log p;(v) 4 logu and strict monotonicity and concavity of g, give
Qy, (log p;(vy) +loguy)
> q,, (1 —t)(log p;(vo) +log ug) +t(log p; (v1) +loguy ))

> (1—t)qy, (log p;(vo) +log ug) + tqy, (log p; (v1) + loguy ).
The first inequality can hold with equality only if ug = u; and wvg,v; agree on C, because logu and the
negative log-sum-exp term are strictly concave. In that case, since the two points are distinct, they must
differ in v; for some j € B, making the second inequality strict by the strict concavity of g, .

Since (m + ¢)logu — u is concave, it follows that

log f(ve, ue) > (1 —1t)log f(vo,uo) +tlog f (v, u1).

Thus log f is jointly strictly concave. By Lemma A.3, log R¥ is strictly concave, and adding the concave term

log C¥ proves that log L¥ is jointly strictly concave. O

We then prove the Poisson-arrival results in Section 5.2. The sales-dynamics and monotonicity lemmas
support both the identifiability result and the local strong concavity result. For these arguments, we use the
parameters (o, 9d) defined in (23), with A = a4 + 6 and 0; = a;/0. The identification arguments concern a
fixed positive inventory vector; the local concavity result also allows periods in which some products are not

initially stocked.

LEMMA A.4 (Sales dynamics under Poisson arrivals). Represent a selling period by the interval
[0,1]. Under Poisson arrivals, the terminal sales have the distribution of the sales by time one in the
continuous-time Markov chain in which, whenever the set A of products in stock is nonempty, the next sale

occurs at rate
Oé+ + 6

AA(é):aAOéA—‘ré’

where oy = Z g, (A.11)
keA

and is of product j € A with probability oj/aa; sales stop once A= @. Moreover, Ay (6) = ay, and As(0) is

strictly decreasing in § for every nonempty proper subset A of [J].
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Proof of Lemma A.4: Let customers arrive on [0,1] according to a Poisson process with rate A and
choose according to (1); the number of customers is then Poi()\), and given this number, their choices are
as in Section 2. While the set of products in stock is A, each arriving customer buys product j € A with

probability 6;/(14 3, ., 0k), independently of the past, so, by Poisson thinning, product j sells at rate
A; _(oz+—|—5)ozj/5_a‘a++5

1+ZkeA9k_ 1+OZA/(5 JCkA—i—(S7

where we used A = ay + 6 and 6, = /. Summing over j € A gives the total rate A4(d), and the next
sale is of product j with probability «;/a 4. Finally, Ay (6) = oy, and A (6) = aa(aa —ay)/(aa+6)*> <0

whenever 0 < a4 < oy, that is, whenever A is a nonempty proper subset of [J]. O

Lemma A.4 clarifies the role of 6. Before the first stockout, product j sells at rate «;, which does not
depend on §. After a stockout, § determines how much of the demand for the sold-out products is redirected
to the remaining products: as § — 0, A4(d) — ., so all of this demand is redirected, whereas as § — oo,
A4(0) = aa, so none of it is. Hence information about § comes only from the post-stockout sales dynamics,
including the absence of further sales. In particular, when J =1, nothing remains in stock after the stockout,
so the product sells at rate a; until it sells out, and X; = mln{yl,Z } with Z ~ Poi(ay). This distribution
depends on (A, 0;) only through a; = A6, /(1+461) and not on §, which proves the claim for J =1 in Section 5.2.

For J > 2, the next lemma shows that, with « fixed, a larger § leads to fewer sales.

LEMMA A.5 (Monotonicity in ). Fiz a € R}, and y > 1, let X () denote the terminal sales under
(e, 8), and let piy (e, 6) =E[X ()] be the expected total sales, where X () =3, X;(6).

(a) For 0<d; <da, X(81) and X (d2) can be coupled so that X (6,) > X (05) componentwise.

(b) If J > 2, then py(a, ) is continuously differentiable and Jsp,(cx,d) <O for every § > 0.

Proof of Lemma A.5: For part (a), we construct the chain of Lemma A.4 for all § simultaneously. Let

L= Zj y;, and draw the products sold, ji,...,j,, , by choosing j,11 = j with probability a; /s, for j € Ay,
where A;, is the set of products still in stock after the first h sales. Independently, draw &i,...,§,, Y Exp(1),
and, for each ¢ > 0, let the ¢gth sale occur at time

Z AE’M g=1,...,y.. (A.12)
Ah

By Lemma A.4, the sales by time one, X;(6) =3, Iy =) -,(5)<1}, have the distribution of the terminal sales
under (a,d). Only the sale times depend on 4, and each 7,(d) is nondecreasing in § because each Ay, (9) is
nonincreasing. Since the sales completed by time one are the first X, () sales of the common sequence, it
follows that X, (d2) < X, (61) and X (52) < X (d1).

For part (b), let J > 2 and 0 < §; < d2, and fix a product k. On the event &, = {j; =---=j,, =k}, product
k sells out at the y,th sale while the other products remain in stock, so 7, =Y 7% &, /a4 does not depend
on d, and the (y; + 1)st sale, which exists because J > 2, follows after the time &, +1/A_(d), where

Oé++6

A (0) = A gu (6) = (o — ) T
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is strictly decreasing in 6. The nonnegative integer X (d;) — X4 (d2) is positive on & N {7, +1(d1) <1<

Tye+1(02) }, and 7y, 11(61) < 7y, 41(82), so
uy(a,él) —,uy(a,(Sg) Z ]P)(gk, TykJrl(él) S 1) —]P(gk, Tyk+1(52) S 1) (Alg)

The event & has probability (a/a )’ and is independent of (§,,), and 7, has density o u¥~te=*+" /(y), —
1)!, so conditioning on 7,, = u gives
av* 1
P(E, Tyo1(6) <1) = —E— / uy""le’“*"{l — e’A*k(é)“’“)}du, (A.14)
‘ (ye — D! Jo
whose derivative with respect to ¢ is
(yx — 1)!

The finite-state sales process has transition rates that are smooth in 6§ > 0, so p,, is continuously differentiable.

Dividing (A.13) by d, — d; and letting d, | §; = ¢ gives

1
/ u?* (1 — u)e”’*“’A—k(‘s)(l’“) du < 0.
0

0
Os iy (e, 0) < %P(Ekﬁyk“(é) <1)<o.
This proves part (b). O

We are now ready to prove Theorem 6. The proof first identifies o, as well as «; for every product with
y; > 2, from the probabilities of selling nothing and of selling exactly one unit. It then identifies ¢ in one of
two ways. If every product has y; > 2, we use Lemma A.5. Otherwise, some product has y; = 1; selling one

unit of it causes a stockout, so its one-sale probability depends on §.

Proof of Theorem 6: Let po=P(X =0]y) and p; =P(X =e; | y), where e; is the jth unit vector.
By Lemma A.4, while all products are in stock, sales occur at rate o and each sale is of product j with
probability «;/ay, so po =e “* identifies ay. If y; > 2, then {X = e;} is the event that the first sale, at
some time u € [0,1], is of product j and that no further sale occurs, at the unchanged rate oy, during (u, 1];
hence p; = fol aje” e+ (171 dy = e+ which identifies a;.

If y; > 2 for every product, then o is identified, and so is d, because the expected total sales p, (cx,d) are
strictly decreasing in ¢ by Lemma A.5(b).

Otherwise, consider a product j with y; =1, and write a = ;. Once product j is sold, it is sold out, and

the other products sell at rate A_; = (g — a)(ay +9)/(ar —a+9), so, as above,
1
p;j=(a,d) = a/ et e A== gy, (A.15)
0

where, given o, the function ¢ is the same for every product with unit inventory. Since 0 < a < a.y because

J>2,
OA_;  O(ay+9) OA_;  alay—a)
9a ~ (an—atror " % T (a—atep 0

S0 ¢ is strictly increasing in both a and §; intuitively, after product j sells out, the probability that nothing

else is sold is larger when fewer customers substitute, that is, when ¢ is larger. Now suppose that (a',d")

induces the same distribution of X as (e,d), so that o/ = a, and aj = o whenever y, > 2. If §' >4,
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then, for every product j with y; =1, ¢(a},d") = p; = p(a;,d) < p(ay,d’), so @ < a;, and summing over all
products gives o/, < ay, a contradiction. By symmetry, 6’ <4 is also impossible, so §' = §, and then o, = «;

for every product with y; = 1. In both cases, (a,6), and hence (X, v), is identified. a

We next turn to Theorem 7. Its proof rests on the curvature of the expected log-likelihood of a single
period at the true parameter, which we establish first. Recall that 8 = (n,v) with n =log A and that S, is
its true value. We write LY (8 |y, x) for the likelihood (13) evaluated at (A, v) = (e",v). For a fixed initial
inventory y € Z1, let pg(x |y) = L* (B | y,x) denote the probability of the terminal sales @, and define the
expected log-likelihood

Ly (B)=Eg,[log L¥ (B y. X) | y] = _ppo(x | y)logps(z | ),

where the sum is over the finitely many feasible sales vectors, that is, those with 0 < z; <y, for every product
j. Each feasible « has positive probability; for example, exactly Zj x; customers may arrive and buy these
units. Moreover, pg(x | y) is infinitely differentiable in 8. Indeed, by Lemma A.4 and its proof, it is the
time-one transition probability from 0 to @ of the continuous-time Markov chain on the feasible sales vectors
that moves from «' to '+ e; at rate A, /(1+ Zk:x;qk 0x) whenever z; < y;, where e; is the jth unit vector.
It is therefore an entry of the exponential of a finite generator matrix whose entries are smooth in £, and

the matrix exponential is a real-analytic function of the matrix entries.

LEMMA A.6 (Expected log-likelihood curvature).  (a) For every y € Z:, V2.2 (Bo) =0
(b) If J>2 and y € Z7 ., then V2.2, (By) < 0.

In statistical terms, —VQ,,Q”; (Bo) is the Fisher information of a period with initial inventory y, and part
(b) states that it is nonsingular. To prove the lemma, we express dTVQnyP (Bo)d as a negative weighted sum
of squared directional derivatives of terminal-sales probabilities. We then apply the argument for Theorem 6

to first order to show that, for every d # 0, at least one of these derivatives is nonzero at 3.

Proof of Lemma A.6: We first prove part (a). Fix y € Z]. Since the sum defining .#, is finite and its
terms are smooth, it can be differentiated term by term, with the weights pg,(z | y) held fixed. Hence, for
every direction d € R+,

d'"Vpg,(z
dTV%Zf(ﬂo)d:ZdTV?pﬁo z|y)d Z{ Ppo ﬂc'¢|’!l|)y)}

72{'1 vPﬂn @9} )
Pso (%[ Y)
The first equality evaluates V2logp = V2p/p — VpVp' /p? at By, where the weight pg,(x | y) cancels one
factor of p. The second equality holds because Y V?pg(x | y) = 0, which follows by differentiating > _pg(x |
y) =1 twice. This proves part (a).
We next prove part (b), so let J >2 and y € Zi +- We express the zero- and one-sale probabilities through
the pre-stockout purchase rates o, their sum « and the no-purchase rate ¢ in (23), which satisfy A=a, +46

and 0; = a; /4.
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Fix a nonzero direction d and suppose, for a contradiction, that dTVQ,,?f; (Bo)d =0. Every denominator
in the curvature identity is positive, so every squared term must be zero. Consider the path B(¢) = B + td,
and use a dot to denote differentiation at t =0. The zero-curvature assumption therefore gives

o d .

Pe= 20500 (@ | Y) o d' Vpg,(z|y)=0
for every feasible . The quantities ¢;, 4, and & denote derivatives along this same path. We will show that
they must all be zero, and then use the inverse parameter relations to obtain a contradiction.

The zero-sale outcome is feasible, so its probability pe also has zero derivative. All products stay in stock

until the first sale, which occurs at rate ay, so po =e~**, and hence
0=po=—c“a,.

The exponential factor is positive, so &y = 0. Next, let p; denote the probability of selling exactly one unit

of product j and no other products. When y; > 2, this event causes no stockout, and p; = a;e™*+. Therefore,
0 :pj = 6_a+ (O[j — O[jO.[+) = 6_a+0.lj,

which gives é&; =0 for every product with at least two units of inventory.

If every product has at least two units, all purchase-rate derivatives are now zero. It remains to determine
§. Expected total sales are given by py (o, 8) = ZE(ZJ Zj)pe- Since every p, =0, this expectation also has
zero derivative. Moreover, p, is smooth in (e, d), because each p,, is smooth in 8 and S is a smooth function

of (e, 6). Since all &; =0, the chain rule gives

O:Z (Zx3> pm:ﬂy:aéﬂyg-
x J

Lemma A.5(b) gives dsp1,, < 0, and therefore § = 0.

Suppose instead that at least one product has unit inventory. For such a product, its one-sale event depletes
its inventory, so the probability also depends on the purchase rates after that stockout. Equation (A.15)
writes this probability as p; = (o, ) when oy is held fixed. Differentiating (A.15) under the integral sign,
which is justified because the integrand is smooth on the compact interval [0, 1], gives the partial derivatives
with respect to the first and second arguments,

! OA_;
_ —aju—A_;(1—u) _ _ J
©va(a,d) /0 e {1 a(l u)iaa }du,

oA !

vs(a,0) =—a 2% (1 —u) e oruA=il=w gy

0
Both are strictly positive, because OA_;/0a < 0 and OA_;/05 < 0 by the proof of Theorem 6. Along our

parameter path, &y =0, so changes in o contribute no term to the first derivative of p;. Consequently,
0 :pj = (Pa(ajv 6)dj + 905(04]'7 5)6

If 6 > 0, this equality requires é; < 0 for every unit-inventory product. If § <0, it requires é; > 0 for every

such product. Both possibilities contradict ¢, = ;a; =0, because the purchase-rate derivatives of all other
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products are already zero. Thus 5=0, and the displayed equality then gives é; =0 for each unit-inventory
product.

In both cases, &; =0 for every product and §=0. To return to the original parameters, use
n =log(ay +9), v; =loga; —log d.
Differentiating along the same path gives
T

. Gy +d L b ‘
nia++670’ Ujiaj 570’ jeJ].

Thus B = 0. However, the definition B(t) = Bo +td gives B =d+0, a contradiction. The expected directional

curvature is therefore strictly negative in every nonzero direction, which proves part (b). (|

We prove Theorem 7 in three steps. First, we use the preceding lemma and the positive frequency of
periods in which all products are initially stocked to establish a uniform negative bound on the average
expected Hessian. Second, we show that the sample Hessian at the true parameter concentrates around its
expectation. Finally, continuity of the Hessians extends this negative curvature to a fixed neighborhood of

the true parameter.

Proof of Theorem 7: For period n, write LF(8) = L¥ (8 | yn, . ), so that the average log-likelihood in
the theorem is L5 (8) = N~' S log LF(B). Since the second derivative of LY at 8 along a unit direction
dis d"V2LY(B)d, we need to find r,y >0, independent of N, such that, with probability approaching one,
V2LR(B) X —vI;.1 at every point of the ball {8:]|8 — Boll2 < r}. We first obtain a negative bound for the
expected Hessian at 8. Let ) denote the finite support of the initial inventories, and write H, = VZ.Z; (Bo),
which equals Eg,[V3log LP(Bo | y,X) | y] because the expectation is a finite sum. By Lemma A.6, H, <0
for every y, and, since J > 2, H,, < 0 whenever y € Zi +- The assumed positive proportion of periods stocking
every product ensures that Y NZ:, is nonempty. Since this set is finite and each —H,, with y € YNZ7, is
positive definite, the smallest eigenvalue among these matrices, denoted by 7, is positive. Thus H, =< —yol ;41
for every y e YNZ],.

By assumption, there exists €5 > 0 such that at least €N periods stock every product for all sufficiently

large N. Set v =¢€7y/2. Then, for all sufficiently large N,

X —eovolsy1=—27v141.

The first inequality omits the remaining periods, whose expected Hessians are negative semidefinite; the

J .

second uses Hy = —vol ;4 for every y € YNZy ;

and the third uses the assumed proportion of such periods.
We will bound the sampling fluctuation and the change in the Hessian over a neighborhood by ~/2 each,

leaving a negative bound of —vI; ;.
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We next control the sampling fluctuation at By. A feasible inventory—sales pair (y,x) consists of an initial
inventory vector y € Y and a terminal-sales vector @ € Z] satisfying 0 < z; <y; for every product j. For
each y, there are szl(yj + 1) such sales vectors. Since Y is finite, the total number of feasible pairs is also
finite. Let || - ||op denote the matrix operator norm induced by the Euclidean norm. For each feasible pair, the
likelihood is positive and twice continuously differentiable in a neighborhood of By. Its logarithm therefore
has a Hessian with finite entries at By, and this matrix has a finite operator norm. Taking the maximum
over the finitely many feasible pairs gives

M= yeg,li)e{zi ||Vf3 log LF (B, | y,m)HOp < 00.
0<z<y
The constant M depends only on the fixed parameter 8y and the inventory support ), and is independent
of N and the realized sample.

Define

A, = V% log LF (Bo) —
Because the inventories are nonrandom and the terminal sales are independent across periods, the matrices
A,, are independent and have zero means. Since the squared Frobenius norm is the sum of the squared matrix
entries, the variance identity gives

Ego || Anll% = Eg, || V2 log LT (Bo) |7 — | Hy, 2

< (J+1)M?,
where the last inequality uses || - ||z < (J 4 1)|| - [|2, for (J +1) x (J 4 1) matrices. Independence and zero

means eliminate the cross terms when expanding the squared Frobenius norm of the sum. Therefore,
| XN

¥ ; A, . z; A,
Markov’s inequality applied to the squared operator norm now yields

ZA

nl

N
1 s _ (J+1)M?
ﬁzEﬂoHAnlngiN :

n=1

4(J+1)M?

>
N~2

op

~y
— — 0.
2

<

A symmetric matrix is bounded above by its operator norm times the identity. Thus, on the event where
this norm is at most /2, for all sufficiently large N,

N
V2L (Bo) = Z un +%2An

n=1 n=1
=291+ %IJ-H = _S%IJ-FL
It remains to extend this bound to a fixed neighborhood of B,. For each feasible inventory—sales pair,
continuity of the log-likelihood Hessian at By gives a positive radius within which its change in operator
norm is at most /2. Taking the minimum of these radii over the finitely many pairs gives a common r > 0,
independent of N and the realized sample, such that
max sup HV% log LY (B |y, ) — V% log L* (Bo | y,a:)”op < %

yey, a:EZ+ [|1B=Boll2<r
0<z<y
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Averaging over periods and applying the triangle inequality yields, for every sample,
v
sup | VELR(8) ~ VEL (Bo)l,, < 5-
I1B=Boll2<r

Consequently, on the same event used above, every 8 with ||8 — Bol|2 < r satisfies

V5LR(B) X VALY (Bo) + 3 L

3
= *lIJH + ZIJJrl ==L
2 2
This event has probability approaching one, and both r and « are independent of N, which completes the

proof. O

The proof also yields the two properties used in the discussion of gradient-based methods in Section 5.2.2.
First, the Hessian of L% is bounded on the ball for every sample: the Hessian of each period’s log-likelihood
lies within ~/2 of its value at B, whose operator norm is at most M, so |VZLY (8)llop < M + /2 whenever
I8 — Boll2 < 7. Second, suppose that L% is v-strongly concave on the ball, and let B be its maximizer
over the ball, which exists because the ball is compact. Fix 8 in the ball and consider the derivative of
trs LR (B+t(B—B)) on [0,1]. At t =0, this derivative equals VLY (8)T(8 — B) <0, because B maximizes
LY, over the convex ball. Its own derivative is at most —v||8 — B |2 on [0,1], because the segment from B
to B lies in the ball. Integrating over [0, 1] gives VLR (8)" (8 — B) <—|B - BH%, and the Cauchy-Schwarz
inequality yields |8 — Bll2 < VLY (8)]l2/7-

Finally, we verify the nonconcavity claim using the zero-sale observation, for which the likelihood is explicit.

LeEmMA A.7 (Nonconcavity despite identifiability). Under the conditions of Theorem 6, consider the
zero-sale observation =0, and let v="v+r1l for a fived v € R’, where r €R and 1 is the all-ones vector.
Then the Hessian of log LY with respect to (n,r) is indefinite at every (n,r), so the log-likelihood of a single

period is not concave in (n,v).

Proof of Lemma A.7: By the proof of Theorem 6, log LY = —a, = —e"b(r), where b(r) = ©(r)/{1+6O(r)},
with ©(r) = Zj €% is the probability that a customer buys some product when all products are in stock.

Since ©' = O, we have b’ =b(1 —b) and b” =b(1 — b)(1 — 2b), so the Hessian with respect to (n,r) is

n b b(1—1b)
—e
b(1—b) b(1—-0b)(1—2b))"
with determinant e?7{b?(1 —b)(1 —2b) — b*(1 — b)?} = —e*1b3(1 — b) < 0. A symmetric 2 x 2 matrix with a
negative determinant is indefinite, and since the restriction of a concave function to an affine set is concave,

log L? is not concave in (n,v). O

Appendix B: Computational Methods for Gradient Evaluation

This appendix describes how we evaluate the likelihood and its gradient numerically, as summarized in
Section 4.2. By Theorems 1-4, all the required quantities are built from one-dimensional expectations with
respect to a Gamma distribution. Appendix B.1 approximates these expectations by generalized Gauss—
Laguerre quadrature. Appendices B.2 and B.3 explain how we evaluate the scalar functions at the quadrature

nodes, namely Fy and h,, and ®, and v, and bound the resulting truncation errors.
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B.1. Generalized Gauss—Laguerre Evaluation

Both R¥ and RP, as well as the expectations under W and W, are built from integrals of the form
fooo u®e " f(u)du/a! for a nonnegative integer a. Generalized Gauss-Laguerre quadrature is designed for
integrals with the weight u®e~*. Let (u{®,w(®)%, denote the nodes and weights of this quadrature rule,
and set ﬂ)éo‘) = wgo‘) /a! to account for the normalizing constant of the Gamma density. Then

1 [

ol S,

Q
u“e™ f(u)dur Zu‘;fla)f(ufla)). (B.1)

For observation n, let L" = C" R denote the likelihood factorization in setting r € {K,P}. The exponent
of w in the quadrature weight is af = m,, + ¢,, where m,, =T}, — s,,, under known arrivals and of, = ¢,
under Poisson arrivals. The corresponding Gamma shape parameter is one plus this exponent. Fix r and
write U,q = u,(f:‘) and Wy, = wfﬁm. When B,, = &, we use the closed-form likelihood and gradient, setting
ﬁ;yQ =R; and f;_’Q = L. The quadrature formulas below apply when B,, # @.

To write both settings together, define

A\u
B =1, Zpa(u)=2,, [ a0 |.
* : 1+ Zjecn 9]’

Treating scalar evaluations at the nodes as exact, form the positive unnormalized weights

o= BngZr(tng) [T Foo (grting). (B2)

J€EBn
Their sum approximates the Gamma expectation, giving EQQ = ZqQ:l &ng and Z;_’Q = CILE;,Q. Normalizing

these weights gives
~r nq

wnq = =0 ..
Zé:l 5:;(

The unnormalized weights and their sum are evaluated on the log scale. The normalized weights w

r

g APProX-

imate the distributions of W and W used in Theorems 3 and 4. In particular, the expectation for sold-out

product j is approximated by Zqul WPy, . (Pjnting), and under Poisson arrivals,

= J ~p Al
M, = ;wnqd)sn (1 T 9.7‘) )
Substituting these quantities into the two gradient theorems gives the gradient computed by quadrature.
Let V denote the gradient with respect to v for r = K and with respect to (n,v")" for r = P. The nodes
and the weights w,,, depend only on the exponent «;,, which is determined by the observation, and remain
fixed as the parameters vary. Differentiating the finite sum therefore gives

Q
Vieg Ly, o =VlegCy + > i, Viog {E,,,n(u"q) II 7... (pjﬁnu"q)} . (B.3)

q=1 JEBR
Thus, with exact scalar evaluations, the gradient computed by quadrature is exactly the gradient of the
approximate log-likelihood log thQ. In other words, the optimizer works with a gradient that is consistent

with the objective it maximizes.
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Choice of the Gamma shape parameter. Under Poisson arrivals, the reported implementation increases
the Gamma shape parameter by a fixed nonnegative integer to move the quadrature nodes toward the region

contributing most to the integral. For any fixed integer d > 0,

o —u Cn+d)! 3
7/ "e f = QEUNGamnla(cﬂ,+d+l,l)[U df(U)} (B4)

¢!
The factor U~ and the factorial ratio exactly correct the change of Gamma density. The corresponding

nodes and coefficients are

|
(@) — qyfenta), @ _ (entd) Cnt D)y
'LL U qu = wq T (unq )

Replacing u,, and w,, by these quantities throughout the quadrature formulas above gives the quadrature
rule with the increased Gamma shape parameter. Because d is chosen before optimization and held fixed,
the resulting nodes and coefficients remain parameter-independent, so (B.3) still holds. The coefficients o.),(f?
are positive but need not sum to one; normalized weights are obtained only after forming the unnormalized

weights &7 and dividing each by their sum.

B.2. Evaluation of Poisson Tails and Their Derivatives

For y > 1 and p > 0, the Poisson tail equals the regularized lower incomplete gamma function, F',(u) =
{y—1)1}7! fou tv=te~t dt. When this evaluation is numerically unstable for a small tail, we use the positive

series

= [
, =1, =aqp——. B.5
1) Eﬁ a ao Ger1 = (B.5)

This series follows from F,(u) = Dm0 Ty+e(p), because ay = myo(p)/m,(1). Since pmy, 1 (u) = ym, (), the
same terms give h, (1) =y/ >, a, without dividing two small probabilities.
The adjacent-term ratios decrease with ¢. Once r;, = u/(y + L+ 1) <1, we have ar, < aprf for k> 1,

and hence
ar”Tr

0< <Bp:= .

= Z ¢ > Dp 1—r,

(>L

Writing Sp, = Zf:o ay, the exact sum lies between Sy, and Sy, + By. Taking logarithms and reciprocals gives
0 <log F,(y1) —log{m,(n)Sr} <log(1+ BL/S¢),

yBp,
0<——h .
St v() < 52

Thus one recurrence supplies both scalar quantities and explicit truncation bounds.

B.3. Stable Evaluation of ¢, and 1,
For se€Z, and z >0, write
slzt - S
ty=———, P,.(2)= to, s (2 [0 B.6
e SELCE SUSEROCES S (5.6)
The ratio tey1/te = 2/{({ +1)(s + £+ 1)} decreases with £, so the terms are nondecreasing up to their
maximum and nonincreasing thereafter. We retain an interval ¢_,... ¢, containing all indices attaining the

maximum, including both indices when two adjacent terms tie, and use the same interval for both quantities.

Define Sy = 0%, t,and 8, =30F, ¢t
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To bound the omitted terms with ¢> £y, let 7y = z/{(¢+ +1)(s+ ¢ 4+ 1)} < 1. Since t,, 1x <t, 1% for
k > 1, summing the geometric bounds for the omitted terms, both unweighted and weighted by their indices,

gives

to. T lir T
Bor=15 0 BI’R_%{1+7~+ T ;)Q}'
Ty Ty

For the omitted terms with ¢ < ¢_, when ¢_ >0, let _ =/_(s+/¢_)/z < 1. The bound t,__, <t, r* for

1<k</{_ gives
tgiT’_
1—r_’

because each of these omitted indices is at most /_ — 1. When /_ = 0, no terms are omitted below the retained

BiL={-—-1)By_,

0,L —

interval, so both corresponding bounds are zero.

Let B; = B; 1+ B;r for i=0,1. The omitted denominator and numerator terms in (B.6) lie in [0, By] and
[0, By], respectively. Taking logarithms, and subtracting the exact and truncated ratios using ®,(z) > So,
yields

0 <log®.(z) —log Sy < log (1 + ?3) ,
) 52| e CuSIBe
Thus the approximations are EI\>s(,z) =5, and @s(z) =51/5p.

s (B.7)

The reported implementation constructs the interval either by a forward recurrence from ¢ =0 or
by expanding around a term attaining the maximum, with relative truncation tolerance By/S, < e,
where € =2 x 107'°. Here By/S, is an upper bound on the omitted sum divided by the retained sum. The
implementation evaluates the sums on the log scale, computing log (/I;S (z) as the logarithm of the sum of the
retained terms and 9, (2) as the ratio S7/Sp. At most 10,000 terms are retained. The stated truncation bound
is met when this tolerance is satisfied; reaching the term cap alone does not ensure it. No separate tolerance
is imposed on t),, whose error is bounded by (B.7). At z =0, set ®,(0) = ®,(0) =1 and ,(0) = 1,(0) =0.

For a fixed retained interval, zdlogSy/dz = S;/So. This derivative identity applies while that interval

remains fixed; the gradient identity in (B.3) assumes exact scalar evaluations.
Appendix C: Calibration of the Target Stockout Rate

The stockout rate is a key factor in the numerical study: it determines how often the assortment changes
within a selling period, and hence how much stockout-induced substitution the data contain. To compare
settings with different numbers of products and customers at the same stockout frequency, we fix the target
stockout rate ¢ and adjust the inventory multiplier ¢, in (26) accordingly (Section 6.1). Because the stockout
rate implied by a given ¢, depends on the attractions, the arrivals, and the substitution within each period, it
is not available in closed form, so we calibrate ¢, by simulation, separately for each (J, k) and ¢ € {0.25,0.50}.
The calibration relies on the fact that, in a common simulation, larger inventories cannot lead to more

stockouts. We first establish this fact and then describe the search.

LEmMA C.1 (Monotonicity of stockouts in inventory). Let y' >y > 1 be two inventory wvectors.
Generate the two sales processes from the continuous-time representation in Section 3, using the same Pois-
son processes Iy, ..., 11y and the same number of customers T'. Then every product that sells out under y’

also sells out under y.
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Proof of Lemma C.1: We use superscripts to indicate the initial inventory. Since min{y},IL;(7)} >

min{y;,IL;(7)} for every j and 7, (4) gives
NE(T) =To(r) + > min{y}, TL;(7)} > To(r) + > minfy;, TL;(7)} = N& (7).
J J

In other words, choices accumulate at least as fast under y’, so the T'th choice occurs no later: J%/ <od¥. 1If

product j sells out under y’, then II; (0’5{/) > y;. Since II; is nondecreasing,
II;(07) 2 1L;(07 ) =2 y; > y5,
so product j also sells out under y. By Lemma 1, each of the two processes has the correct distribution of

terminal sales, so the construction is a valid coupling. O

The same conclusion holds in the Poisson-arrival setting after conditioning on a common number of arrivals.
We apply Lemma C.1 across candidate multipliers by reusing the inventory draws U, ,, from (26), the arrival
counts, and the underlying Poisson processes. For each fixed draw Uj ,, the generated inventory y;,(cs) is
nondecreasing in ¢,. Let ; ,(c;) denote the corresponding terminal sales. For a pilot sample containing Nyt
periods, Lemma C.1 implies that the realized stockout rate

Npilot  J

~ 1
Gpitot(€5) = NyjiorJ Z Zﬂ{wj,n(c.o:yj,n(cs)}

n=1 j=1
is nonincreasing in c,, and so is its expectation.

The search is performed on the log scale. Because the ceiling operation in (26) makes the pilot stockout
rate a step function, bisection narrows the search interval; among the evaluated multipliers, we select the
one whose pilot rate is closest to (.

Each candidate uses three pilot samples of 200 periods in the known-arrival setting and five pilot samples
of 500 periods in the Poisson-arrival setting. For targets 0.25 and 0.50, the resulting main-sample stockout
rates are 0.2480 and 0.5000 under known arrivals and 0.2499 and 0.4969 under Poisson arrivals. The main

samples are generated independently of the pilot samples.
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