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Problem definition: We consider intertemporal pricing in the presence of reference effects and consumer
heterogeneity. Our research question encompasses how to estimate heterogeneous consumer reference effects
from data and how to efficiently compute the optimal pricing policy. Understanding reference effects is essen-
tial for designing pricing policies in modern retailing. Our work contributes to this area by incorporating
consumer heterogeneity under arbitrary distributions. Methodology /results: We propose a mixed logit
demand model that allows arbitrary joint distributions of valuations, responsiveness to prices, and respon-
siveness to reference prices among consumers. We use a nonparametric estimation method to learn consumer
heterogeneity from transaction data. Further, we formulate the pricing optimization as an infinite horizon
dynamic programming problem and solve it by applying a modified policy iteration algorithm. Moreover, we
investigate the structure of optimal pricing policies and prove the sub-optimality of constant pricing policies
even when all consumers are loss-averse according to the classical definition. Our numerical studies show
that our estimation and optimization framework improves the expected revenue of retailers via accounting
for heterogeneity. We validate our model using real data from JD.com, a large E-commerce retailer, and find
empirical evidence of consumer heterogeneity. Managerial implications: In practice, ignoring consumer
heterogeneity may lead to a significant loss of revenue. Furthermore, heterogeneous reference effect offers a

strong motive for promotions and price fluctuations.

Key words: reference effect, consumer heterogeneity, data-driven, intertemporal pricing, nonparametric
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1. Introduction
Two prominent questions in pricing have been receiving considerable attention from both academia

and industry over the years. The first question is how to estimate consumer demand accurately with
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frequently changing prices. At traditional brick-and-mortar stores, predicting consumer behaviors is
challenging partially because the collected data are often incomplete, and consumer identification is
usually missing in the data. The total sales per store do not directly provide consumer information
such as personal preference and browsing history. Nowadays, with the prevalence of online retailing,
all sorts of individual consumer shopping activities, including clicks and purchases along with the
timestamps of these activities, are reliably recorded by online platforms. According to the real-world
dataset provided by JD.com (Shen et al; 2020), before making purchase decisions of a certain product,
consumers may click the product page multiple times, during which the product price may undergo
a few changes. The increased availability of detailed transaction data in online retailing calls for new
and practical analytical tools to fully utilize such rich information (Ferreira et al! 2016). The second
question is how to design an optimal pricing policy efficiently under a particular demand model.
We use the term “optimal pricing policy” instead of “optimal price” because static pricing might be
sub-optimal under special consumer behaviors. From an analytical perspective, understanding the
structure of the optimal pricing policy can also provide insights into other retailing operations such
as advertising and inventory control.

In retailing practice, it is commonly observed that consumer purchase behavior is influenced by
both the current price and the price expectation. The reference-price-dependent demand model is
one of the most well-established consumer behavioral demand models. We consider consumers who
repeatedly visit a monopolist retailer, and their expectations toward price are influenced by historical
prices. A consumer’s price expectation, used as a reference point when they make purchase decisions,
is known as a reference price. Consumers perceive the discrepancy between the reference price and
the current price as either gains if the reference price is higher than the current price, or losses
if the reference price is lower than the current price. The demand change due to the presence of
reference prices is known as the reference effect. The reference effect is the cornerstone of the prospect
theory in economics (Kahneman and Tversky 1979). Kahneman and Tversky (1979) postulate that
consumers are loss-averse — in the sense that they are more responsive to a loss than a gain of
an equal amount. As a complement to loss-aversion, Greenleaf (1995) finds evidence of the other
consumer type — gain-seeking consumers who are more responsive to gains than losses. Popescu and
Wu (2007) study pricing under reference effects and establish structural properties of the optimal
pricing policy, corresponding to the two consumer types respectively. Strong empirical evidences for
reference effects is provided in the marketing literature (see Mazumdar et al. (2005) for a review).

The original prospect theory (Kahneman and Tversky| 1979) is conducted at the individual level.
However, previous studies on the characterization of optimal pricing policies under reference effects
mostly consider demand models at the aggregate level, such as the widely adopted piece-wise linear

model (Greenleaf 1995, Nasiry and Popescu 2011, Hu et al| 2016). To bridge the gap between the
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individual consumer behavior and the market demand, we note that the aforementioned findings
implicitly rely on at least the following assumptions. First, consumers homogeneously belong to one
type (except some auxiliary discussions in the studies of Kopalle et al| (1996) and Popescu and Wu
(2007)). Second, the aggregate demand from the whole market (or the aggregate demand from one
consumer segment) naturally inherits the loss-averse or gain-seeking behavior from all the individual
consumers. Third, consumer type (loss-averse or gain-seeking) is stationary — it is not affected by
current prices and reference prices.

However, such assumptions can be prohibitive in practice. Gain-seeking and loss-averse consumers
may coexist in the same market. Even when all consumers are of the same type, they may show
diverse levels of responsiveness to reference effects. A few works have suggested that certain notions of
consumer heterogeneity lead to different optimal pricing policies. Wang (2016) finds that the optimal
pricing policy is cyclic if consumers follow heterogeneous arrival schedules. Chen and Nasiry (2020)
consider a market comprising two consumer segments of different loss-aversion levels. They show that
the optimal pricing policy is no longer constant, although neither consumer type is gain-seeking. Hu
and Nasiry (2017) show that loss/gain preferences are inherited by the aggregate demand model if
and only if consumer valuations are uniformly distributed.

To circumvent such practical limitations, we directly model individual consumer demand under
reference effects. We allow arbitrary joint distributions of valuations, responsiveness to prices, and
responsiveness to reference prices among consumers. Based on the observations from empirical data,
consumers behave differently at different prices. Therefore we further relax the assumption on the
stationary consumer types. In our model, a consumer could be either loss-averse or gain-seeking
depending on the current price. Such non-stationary consumer types have not been captured by other
studies. We elaborate more on the comparisons in Section of the e-companion.

Main contributions. We address both model estimation and pricing optimization under reference
effects. Our main contributions are summarized as follows.

1. Demand model with reference price under heterogeneous consumer behaviors. We propose a
demand model to incorporate heterogeneous consumer behaviors into reference effects. In partic-
ular, our model has strong expressive power that can capture arbitrary distributions of consumer
behaviors. Based on this individual-level demand model, we revisit and generalize notions of
reference effects. Specifically, we introduce new concepts of gain-seeking, loss-averse, and neutral
behaviors under mixed logit model and study its properties.

2. Optimal pricing policies. The pricing problem is considerably challenging in our setting, since
it involves a trajectory of prices. We propose an efficient e—approximation algorithm to solve
the infinite horizon optimal pricing policy problem. Subsequently, we theoretically prove that
constant pricing policies may not be optimal even when all consumers are locally loss-averse.

Additionally, we give a performance guarantee of a computationally easy myopic pricing policy.
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3. Nonparametric estimation of consumer heterogeneity. We use a nonparametric estimation
method to learn the arbitrary joint distributions of responsiveness parameters from transaction
data and characterize the structure of estimators. Numerical experiments show that integrating
consumer heterogeneity improves the prediction accuracy significantly.

4. Managerial insights for pricing practices. We use transaction data from JD.com, a large E-
commerce company, to validate our model and algorithms. We find that consumers are hetero-
geneous and cyclic pricing policies achieve the optimum for selected products in the dataset.
Further, we observe over 40% revenue improvement for frequently purchased products when
compared to the linear demand model with reference effects.

The remainder of the paper is organized as follows. In Section E, we present a review of related
literature on reference effects with a focus on consumer heterogeneity. In Section 57 we describe
our modeling framework for individual consumer behavior. In Section H, we address the pricing
optimization problem. In Section E, we explain a nonparametric estimation method for learning
heterogeneous consumer reference effects. In Section E, we present our numerical studies, including
simulation studies and a case study on real data from JD.com. In Section H, we conclude the paper

with a discussion of future work.

2. Literature Review

Modeling of reference effects. Following breenleaﬁ (|1995|), reference effects have been primarily con-

sidered at the aggregate level (lPopescu and Wul IZ()O?I, |Aviv and Pazga]| l2008|, |Nasiry and Popescd
lZOl]J, |Hu et alJ IZOId, k]hen et al] lZOl?I, bhen and Nasiryl l202d). IHu and Nasiryl (lZOl?I) point out

that individual level and aggregate level reference effects are not always identical. Specifically, the

authors model a market of consumers with heterogeneous intrinsic valuations for one product. The
authors show that the individual loss-averse or gain-seeking behaviors are not necessarily inherited
by the aggregate market demand for most types of distributions of consumer valuations. The only

exception is when consumers’ valuations are uniformly distributed. From the perspective of demand

modeling at the individual level, we share the same spirit as in the work of lHu and Nasiryl (l2017|)

However, we generalize the consumer heterogeneity considered by lHu and Nasiryl (lZOl?I) from various

perspectives, including intrinsic valuations, responsiveness to prices, and responsiveness to reference

effects. We will discuss the study of IHu and Nasiryl (lZOl?I) more comprehensively when we explain our

modeling details in Section E Incidentally, modeling reference effects with individual choice-based

models is favored in several empirical studies in the marketing literature (|Chang et al.| |1999|, lBell and|

lLattin| l200d7 lKopalle et alJ bOlﬂ). These works also provide strong validations for our individual-level

demand model. More broadly, there have been abundant research interests in reference effects in

OR/MS (see, e.g., |Wu et all (l2015|), tHedgcock et alJ (}2016|), lHariss et all (bOQd), |Cohen et al] (l202d),
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hhang et all (l202d), and see also |Yu et all (IZOQ]J) on reference effects concerning time instead of

price).

Empirical study of reference effects. Strong empirical evidence in the marketing literature indicates
that consumer heterogeneity plays an important role when estimating reference effects (
(|199d), tBell and Lattid (lZOOd), tKlapper et alJ (l2005|)) tKopalle et all (bOlj) conduct an empirical

analysis of pricing in the presence of household-level heterogeneity using retailing data for cola sales

in a supermarket. However, the datasets used in these aforementioned works are mostly scanner-
panel data collected in brick-and-mortar stores from more than a decade ago. Exploiting the JD.com
dataset, we enrich this line of empirical works by examining reference effects on large-scale data from
a modern online learning business.

Nonparametric estimation. Traditional estimation methods of consumer heterogeneity often involve

additional assumptions, such as finite segments and hierarchical Bayesian priors (see
ITrain| (IZOOd) and ITrain| (IZOOd) for a comprehensive review). While these additional assumptions bring

a higher risk of model misspecification, nonparametric methods refrain from such parametric assump-

tions and improve prediction accuracy. Specifically, our approach is based on a principled statistical

methodology known as nonparametric maximum likelihood estimation (lKiefer and Wolfowitzl |1956|,

). Several works explore other nonparametric estimation methods for pricing under set-
tings that are quite different from ours (see, e.g., k]hen and Gallego| (l202]]), |Wang et alJ (l202]]))

In general, nonparametric modeling approaches of consumer choices have been an interesting and
important topic (see, e.g., lFarias et a1.| (lZOld), |Chen and Miéiéi (l2022|), bagabathula et al.| (IZOQd))
Dynamic pricing and pricing optimization. Classical works (IKopalle et all |199d, lPopescu and Wd

) establish fundamental structural properties of the optimal pricing policy under reference effects

(for results under a continuous time control framework, refer to lFibich et all (lZOOﬂ)) Particularly, the

constant pricing policy is optimal when facing loss-averse consumers and the high-low pricing policy is

optimal when facing gain-seeking consumers. tPopescu and Wd (bOO?I) prove similar structural results

for general demand functions; however, the proof relies on structural assumptions on the demand

functions. Some other works deal with intertemporal pricing under aggregate-level reference effects

(|Nasiry and Popescd lZOl]J, |Wan§ l201d, |Hu et all l2016|, |Chen et alJ l2017|, bhen and Nasiryl l202d).

Compared to more traditional pricing problems, a distinguishable characteristic of pricing opti-

mization under reference effects is that the demand is not only affected by the current price but also
prices from other periods. Therefore, the optimal pricing policy might not be static, but rather it
could be composed of a trajectory of prices, probably cyclic over time. From this perspective, our
study is related to the line of works on pricing under particular consumer behaviors such as being
patient, strategic, forward-looking, etc. There is a vast and deep literature in each of the consumer

behaviors mentioned above (see, e.g., @ (lZOO?I), |Aviv and Pazga]| (l20()8|), lLiu and Cooper{ (l2015|),
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Besbes and Lobe] (2015), Zhang and Jasin (2022)). Despite different problem settings, the optimal
pricing policies are also shown to be cyclic under certain scenarios (Liu and Cooper 2015). Most
importantly, we would like to highlight that consumer heterogeneity also draws significant attention.
For example, Lobel (202() considers cyclic pricing policies for consumers with heterogeneous patience
levels.

Dynamic pricing has been extensively studied in the learning setting (see, e.g., Broder and Rus-
mevichientong (2012), Keskin and Zeevi (2014), Chen and Gallegg (2021)), den Boer and Keskin
(2021)). Closely related to our work, den Boer and Keskin (2021) consider demand learning and pric-
ing optimization under reference effects. Both theirs and our work assume that the retailer has little
or no information on the price-demand relationship and must learn it from data. den Boer and Keskin
(2021) deal with an online and sequential learning setting that needs to balance between exploration
and exploitation. They aim to minimize the revenue gap between the optimal pricing policy and
the online pricing policy. In contrast, we learn the demand from historical data in one shot, and
design and analyze the optimal pricing policy that maximizes the long-term revenue. Moreover, our
framework, which incorporates individual consumer heterogeneity, is not captured by the piece-wise
linear aggregate demand model in den Boer and Keskin (2021). We believe that both their work and

ours, as data-driven methodologies, are of independent interest in practice.

3. Demand Model and Heterogeneous Consumer Behaviors
In this section, we present a demand model that integrates reference effects and consumer hetero-
geneity. We analyze the fundamental properties of consumer behaviors under this demand model

and systematically introduce different notions of reference effects.

3.1. Model

We consider a monopolist retailer selling a product with unlimited inventory to consumers over
multiple periods. Consumers arrive with unit demand and form reference prices based on historical
prices. At time ¢, the retailer sets price p; for the product. Consumers make decisions based on the
current price p; and the reference price r;. Each consumer is characterized by a set of parameters
0 = (a,b,cy,c_), which we collectively refer to as responsiveness parameters. The parameter a repre-
sents the intrinsic valuation, b represents consumer responsiveness to prices, and (cy,c_) represents
consumer responsiveness to reference prices. Consumers are heterogeneous in that their 8 differ, and
the feasible region of @ is denoted by ©. At time ¢, the utility u; for a consumer with parameters

0 = (a,b,c.,c_) is defined as

w(0)=a—bp,+cy-(re—pi)y+c-(re—pi)- + e, (1)
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where we adopt the shorthand notation (r, — p;)y = max{r, — p;,0}, (r; — p¢) - = min{r, — p;,0}. €
represents the random fluctuation of consumer utility, following the standard Gumbel distribution.

The responsiveness parameter vector 6 varies among consumers. Statistically speaking, 8 is random
and follows a probability distribution G. Notably, we do not impose any parametric assumptions on
G. In the classical context of mixed logit models, it is common to assume that the distribution G is
discrete with a finite number of components or that G follows a Gaussian distribution. However, as
the distribution G directly affects the pricing strategy, and a misspecified G will lead to a significant
revenue loss, as explained in Section H and Section @, it is important to express the heterogeneity
fully at the individual level. We still refer to our demand model as the mixed logit model under a
broader context. Nevertheless, we would like to emphasize that the demand model is nonparamteric,
and it refrains from any parametric or prior assumptions on G.

For simplicity, we define function C(r — p) as a function of price discrepancy r — p as

(2)

e S a2

Therefore, the utility u,(0) in (m) can be written as u;(0) = a — bp, +C(ry — p;) + €. According to
the random utility theory (McFadden [1973), when ¢, follows the Gumbel distribution, the purchase

probability of a customer under price p; and reference price r; with parameter @ is

P l6) = SO ®)

where the utility for the no-purchase option is normalized to 0 without loss of generality.

The logit form of purchase probability under reference effects in Equation (B) is adopted in the
marketing literature (see, e.g., Hardie et al| (1993), Bell and Lattin (2000), Kopalle et al| (2012)) and
also in economics (Kallio et al) 2009). In OR/MS literature, Wang (2018) adopts a logit type demand
model in studying assortment and pricing under reference effects. However, Wang (2018) considers a
single-period multi-product setting while we study a multi-period single-product setting. Our model
can be naturally extended to multiple products by introducing one utility function for every product
(see discussion in Section H) We denote the expected purchase probability among the population by
P(ry, p¢|G), which is calculated by taking the expectation of P(rs, p; | @) in (E) with respect to 0, i.e.,

P(ry,pi|G) = Egi[P(re, pi | 0)] :/ exp{u,(0)}

yeo T+ explur ()] 10 &) @

Let D%(r;,p;) represent the expected demand from one consumer at time ¢ when the price is p; and

reference price is r;. Given any probability distribution G, D%(ry, p;) is

DG(Ttupt) =P(r, pi|G). (5)
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The demand notation D (r,p) is inclusive. As a special case, demand from one consumer with
responsiveness parameter vector  is represented by D% (r,p), where dq is the point mass probability
distribution concentrated at 8. Suppose the consumers in the market can be segmented into k groups
according to responsiveness vectors, say, 61,...,0;. Let wi,...,w, be the proportions of k£ groups
respectively, so wi,...,w; > 0 and w; + -+ + w, = 1. Subsequently, the demand is represented as
DY with G = Zle w;0p,, and D& = Zle w; D% . We abbreviate the superscript G from D¢
when the specification of GG is clear from the context.

From a revenue maximization perspective, the retailer’s goal is to determine an optimal trajectory

of prices (p1,p2,- -+ ) to maximize the expected long-term discounted revenue. We will formally define

the pricing optimization problem in Section H

3.2. Loss-Averse and Gain-Seeking Behaviors
We define the reference discrepancy as the reference price r minus the current price p, which is
denoted by =7 —p. As in Popescu and Wu (2007), we define the reference effect R(x,p) as the

difference incurred in demand, which is

R(z,p) = D(z+p,p) — D(p,p). (6)

The discrepancy x > 0 corresponds to gains and x < 0 corresponds to losses. Generally speaking,
consumers who respond stronger to losses are referred to as loss-averse; those who respond stronger
to gains are referred to as gain-seeking; and those who do not have an explicit inclination to either
side are called loss-neutral. The effect of x on demand is asymmetric when the same magnitude of x
incurs different demand changes, depending on whether x is positive or negative.

Following Hu and Nasiry (2017), we use “loss-averse”, “gain/loss-neutral”, and “gain -seeking” to
describe individual-level consumer behavior. We use “more responsive” to describe aggregate level
behavior, i.e., the market demand. We give the global definition of asymmetric reference effects of
the market demand in Definition m As we will see, the global definition imposes strict conditions.

DEFINITION 1 (GLOBAL). Given price p, we say the demand is (i) more responsive to losses (i.e.,
loss-averse) if R(x,p) < —R(—x,p), for all > 0; (ii) more responsive to gains (i.e., gain-seeking) if
R(z,p) > —R(—=,p), for all > 0; (iii) equally responsive to losses and gains (i.e., loss-neutral) if
R(z,p) = —R(—z,p), for all z> 0.

Contrary to Definition m, a more predominant local definition used by Kopalle et al, (1996) and
Popescu and Wu (2007)) is based on left and right partial derivatives of R(zx,p) in x. More specifically,
they define A_(p) and A, (p) to be the left and right derivatives of R(z,p) at z =0, and the ratio of
two derivatives valued at 0 is denoted as p = A, (p)/A_(p). Three scenarios where p <1, p>1 and

p =1 are defined as gain-seeking, loss-averse and loss-neutral respectively. Following Hu and Nasiry
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(2017), we shall refer to their definition of asymmetric reference effects as the local definition because
the derivatives A, (p), A_(p) are defined in the infinitesimal region around 0. We formally introduce
the local definition in the following Definition E

DEFINITION 2 (LocAL). The demand is locally more responsive to losses if p > 1, locally more
responsive to gains if p < 1, or locally responsive to gains and losses equally if p=1.

Definition E coincides with Definition m when the demand model is linear in z, which is also the
main parametric model adopted by Kopalle et al] (1996), Nasiry and Popescu (2011)), and Chen et al.
(2017). However, the local definition of reference effects crucially depends on the non-smoothness of
the demand function, and it classifies any demand functions with continuous z-derivatives as loss-
neutral. Moreover, requiring non-smoothness in demand functions brings greater difficulty in solving
the subsequent pricing optimization problems (Chen et al| 2017).

In practice, consumer behaviors may be affected by the absolute value of the price discrepancy .
Motivated by such considerations, we introduce Definition E on regional reference effect.

DEFINITION 3 (REGIONAL). Given price p and 0 < w; < wy, we say the demand is (i) more
responsive to losses (i.e., loss-averse) within region [wy,ws] if R(z,p) < —R(—x,p), for all w; <z <
wy; (i) more responsive to gains (i.e., gain-seeking) within region [wy, w,] if R(z,p) > —R(—=x,p), for
all w; <x < wy; (iii) equally responsive to losses and gains (i.e., loss-neutral) within region [w;,w,]
if R(z,p) =—R(—=x,p), for all w; <z < ws,.

To link the regional definition with the local definition, we provide the following lemma.

LEMMA 1. If the demand is regionally loss-averse with wy =0 and we > 0 (Definition B), the
demand is locally loss-averse or neutral (Definition @) Stmilarly, if the demand is regionally gain-

seeking with wy =0 and wy > 0, the demand is locally gain-seeking or neutral.

As discussed by Hu and Nasiry (2017), Definitions m and E are related to some extent but one
does not imply the other. In Hu and Nasiry (2017, Definition 3), they define “more responsive
to losses/gains at large stakes” In Definition E, we introduce a regional definition that segments
the price support into different regions according to the consumer’s different responses to reference
discrepancy. If the demand is more responsive to losses at large stakes, the demand is more responsive
to losses within the region [w, 00) for some w > 0, which corresponds to setting w; = w, and w; = 0o
in Definition E Deviating from linear demand models, we argue that Definition m and Definition E
are more appropriate than Definition E in the logit demand model. As is shown in Proposition E,
varying parameters @ = (a, b, c,,c_) are sufficient to demonstrate both types of asymmetric reference
effects. This is contrary to linear demand models, where non-smoothness is necessary to reflect the

asymmetry in reference effects.
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In conclusion, we have discussed three definitions: global, local and regional reference effect. Among
the three definitions, the local definition (Definition E), is predominantly used in the literature (Hu
et al, 2016, Chen et al, 2017, Chen and Nasiry 2020); the global definition is recently considered in
Hu and Nasiry (2017). In particular, we propose and study the regional definition (Definition B),
arguing that consumer behaviors may change across different regimes of x and p, without chang-
ing responsiveness parameters. As we will see in Section @, the regional definition better describes

individual consumer behaviors and sheds light on pricing optimization.

3.3. Properties of Regional Reference Effects
We discuss the properties of regional reference effects under our model. Proposition El and echo

with diminishing sensitivity and the decreasing curvature in Popescu and Wu (2007)), respectively.

PROPOSITION 1. For a consumer with responsiveness parameters 6 satisfying a,c.,c_ >0, the
reference effect satisfies the following two properties:
(i) R(z,p) is concave in x>0 if a—bp > 0; R(x,p) is convex in x <0 if a—bp <O0.
(it) When ¢y =c_, R(x1,p) — R(x2,p) decreases in p if xo <x1 < (bp—a)/cy.

These two properties are not reflected by the linear demand models, as demand changes at a
constant rate due to linearity. Diminishing sensitivity is originally stated in the prospect theory, and
is reasonably aligned with intuition. As quoted from (Hardie et al, 1993, Page 380), “the marginal
value of both gains and losses decreases with their size; the first sip of beer tastes the best, and the
first dollar lost hurts the most.” To provide some intuition on the decreasing curvature, for example,
most consumers may be willing to spend $3 on a bottled juice when receiving a $1 discount, whereas
they will be less likely to respond to a $1 discount on a $50 steak. Although the absolute amount of
price change is the same, consumers may respond less when the price is higher.

We illustrate the reference effects under the logit demand model with two concrete examples.

EXAMPLE 1. Suppose a=2,b=1,c, =c_ =1, Figure shows R(z,p) against z for fixed p=1
and fixed p = 3 respectively. We can verify the decreasing curvature property because the curve with
p =3 is flatter than that with p =1 when the condition in Proposition m x < = |p=1 = —1 holds.

et

EXAMPLE 2. Supposea=0,b=1,c, =1,c_. =4 and p=1, Figure @ shows the demand against

the reference discrepancy . When comparing the demand change incurred by gains and losses, the
demand is more responsive to losses when |z| is small and more responsive to gains when |z| is large.
This can be concluded from Figure m by comparing changes in « when the demand increases or
decreases by the same quantity. Starting from x = 0 with a demand of 0.269, it takes a lager change
on z for the solid line (demand when there is gain) to increase by 0.069 compared to the amount
of change on z for the dashed line to decease by 0.069. We can also reach the same conclusion by

comparing anchor points (2,0.731) and (—2,0.0) in Figure m
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Figure 1 lllustration of Logit Demand
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PROPOSITION 2. For a consumer with responsiveness parameters @ = (a,b,c,,c_), the reference

effect at the individual level is defined as follows,

exp(a—bptciz)  exp(a—bp) .
R(x ) — 1+exp(a—bp+cyx) 14exp(a—bp) Zfl' > 0’ (7)
P exp(a—bptc_z)  exp(a—bp) fo <0
14exp(a—bp+c_x) 14exp(a—bp) :

There are the following scenarios of individual consumer behavior based on different relations of
responsiveness parameters 6.
(i) When either of the conditions 1) a —bp <0,cy —c_ >0 or 2) a—bp<0,c; —c_ >0 holds, the

consumer is regionally gain-seeking.

(ii) When either of the conditions 1) a —bp>0,c;. —c_ <0 or 2) a—bp>0,c. —c_ <0 holds, the
consumer is loss-averse.

(iit) When a —bp=0 and cy —c_ =0, the consumer is loss-neutral.

(iv) When a —bp < 0,cy < c_ or (a—0bp) >0,cy > c_, whether the consumer is gain-seeking or
loss-averse depends on x. To be more specific:
(a) When a —bp < 0,0 <c, <c_, there exists a point x* >0 such that the consumer is loss-

averse when |x| < x* and gain-seeking when |x| > x*.

(b) When a—bp>0,cy >c_ >0,c_ >0, there exists a transition point x** >0 such that the

consumer is gain-seeking when |x| < x** and loss-averse when |x| > z**.

Proposition E shows that the logit demand, even at the individual level, naturally introduces more
complex consumer behaviors compared to the linear demand model. In particular, Proposition E
reflects the regional reference effect as we defined it in Definition E For all four statements in

Proposition E, the gain-seeking or loss-averse behaviors are retained even when ¢, — c_ is set as
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0. This indicates that the non-smooth demand assumption is not absolutely necessary for allowing
consumers to deviate from loss-neutral behaviors in the logit demand model. On the other hand,
these findings are related to Example 2 of Hu and Nasiry| (2017, page 1387). The authors derive that
the market demand is of logit demand form when consumer valuations follow the logistic distribution.
Our logit demand model aligns with that of Hu and Nasiry (2017); our parameter a, which reflects
intrinsic valuation, effectively corresponds to the valuation v in Hu and Nasiry (2017). However,
our demand model (H) represents the purchase probability for one single consumer or the aggregate
demand from a normalized homogeneous market, while the logit demand model in Hu and Nasiry
(2017) refers to the market demand only. Additionally, we introduce randomness in the consumer
valuation term a with a nonparametric distribution in our model. Consequently, our demand model
has a stronger expressive power than the logit model example in Hu and Nasiry (2017). Notably, the
x* in statement (similarly 2** in statement ) depends on responsiveness parameters
(a,b,cy,c_). Therefore, when (a,b, c,, c_) vary among consumers, consumers may encounter behavior
change at different z*, and thus whether the aggregate demand is more responsive to gains or losses
may change multiple times as x changes. This demonstrates the necessity of introducing Definition E

where consumers could behave very differently when the reference discrepancy x = r — p varies.

4. Pricing Optimization
In this section, we focus on the pricing optimization problem based on the model in Section B Given
an initial reference price and estimated demand model parameters, the goal is to find an optimal

pricing policy that maximizes the long-term revenue.

4.1. Problem Formulation
We use I1(r,p) = pD(r,p) to denote the retailer’s single-period revenue. Given reference price r; and

price p; at period t, the single-period revenue is

T(r,, p.) = pi D1, pr) = / exp{a=bp+C=p)} g

p
0co "1 +exp{a—bp; +C(ry —p;)}

We adopt the widely used memory-based reference price model, where reference price at time t is
completely determined by the reference price from the last period ¢ — 1 and the price during period
t — 1. The updating rule of the reference price is captured by a bivariate function f:R? — R, and
ry = f(ri—1,p—1) (Baucells et al, 2011). Here f(z,y) is non-decreasing in both x and y. Following
Greenleaf (]1995), Popescu and Wu (2007) and other literature, we take f as a linear function f,
defined as f,(z,y) = ar + (1 — a)y for some « € [0,1]. With f,, the reference price is updated as
ry =ar,_ 1+ (1 —a)p;_1, where « represents a memory parameter that describes how the reference

price in the current period depends on the reference price in the last period. By this recursive
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definition of reference prices, r; is an exponentially weighted sum of the initial reference price and all
the past prices before time ¢. Thus, this updating scheme is also known as exponential smoothing.

We consider the discounted setting where the revenue at time ¢ is discounted by factor 5 for some
B € (0,1). Similar to Popescu and Wu (2007), Hu and Nasiry| (2017), Hu et al} (2016), and Chen and
Nasiry (2020), we focus on an infinite horizon setting and aim to maximize the long-term revenue.
Given an initial reference price 7o, the retailer’s objective is to determine a price sequence {p;}2, to
maximize Y.~ ST(re, ;).

We now formulate this pricing optimization problem as an infinite horizon dynamic programming
problem and formally define the scope of pricing policies considered here. Let &2 be the set of feasible
prices and & C [0, py| where py is an upper bound. At time ¢, reference price r; is given based on the
historical price, and a pricing policy determines a price p; € & according to r;. Using the language
of dynamic programming, we view r; as the state at time ¢ and p; as the control at time t. A new
reference price ryy; is formulated according to the updating rule f,(r;,p;). Thus a pricing policy
can be equivalently viewed as a mapping from the reference price (state) to the price (control). We
introduce notation p,, a function that maps a reference price to a price. Here 7 indexes a pricing
policy. Such policies are also known as stationary policies in the dynamic programming and control
area since the function p, does not change over time. It is important not to confuse the concept
of the stationary policy here with the steady/constant pricing policy. Under stationary policies, the
prices may change but the function p, remains unchanged over time.

The long-term discounted revenue by pricing policy p, is

oo

Vi(ro) = Z BtH(rt,pw (¢))

s.t. Tt:;rlt,lﬂ—(lfoz)pﬂ(rt,l) t=1,2,...
Optimal pricing policy. The optimal pricing policy refers to any pricing policy that achieves
the maximum long-term revenue V*(ry) given any initial reference price o, i.e.,
V*(ro) = ;1263% tz_; BTL(ry, pr) ®)
st.ry=ar, 1+ (1—a)p_1 t=1,2,...
We use p.+ to denote the optimal pricing policy, then according to the optimality condition, p,«

satisfies the Bellman equation,
V7 (r) =11(r, e+ (1)) + BV (ar + (1 — @)px=(r)). (9)

In addition, we study a popular heuristic policy — the myopic pricing policy. In Proposition E, we
establish a performance guarantee of the myopic pricing policy by comparing its long-term revenue
denoted by V,, to V*. We summarize the proof of Proposition B, a simulation study, and detailed

discussion of the myopic pricing policy into Section of the e-companion.
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PROPOSITION 3. Let V* be the long-term revenue of the optimal pricing policy and let V,,, be the
long-term revenue of the myopic pricing policy. It holds for any initial reference price r that

Bl-o)
(1—aB)(1—p) """

0<V*(r) = Viu(r) <

N max(cq,c_)
where 1 := min {1, SUD (g oy 0 )€® — e }

4.2. Properties of Optimal Pricing Policy

We consider the optimal pricing policy under our demand model. The pricing optimization problem
(E) is challenging in general, since it is both non-convex and non-smooth (Hu et al) 2016). Proposi-
tion H gives the monotonicity property of both single-period revenue and long-term revenue under

certain conditions.

PROPOSITION 4. Ifcy and c_ are both non-negative over O, II(r,p) and V*(r) are monotonically

non-decreasing in .

In practice, the responsiveness parameter corresponding to 7 — p could be negative, in which case
the monotonicity does not hold. This motivates us to design a computationally efficient algorithm
that works without the nonnegative assumption, and the algorithm is described later in this section.
Before doing computation, a natural question to ask is whether a constant pricing policy is optimal.
Our Proposition H suggests that a constant pricing policy may not be optimal when parameters are
in certain regions. This is in contrast with the structural result in Popescu and Wu (2007), which is

based on a general demand function under some technical assumptions.

PROPOSITION 5. In the logit demand model, a constant pricing policy is not optimal if ¢, < c_

and utility parameters a,b satisfy that a < log (%) for all consumers, where c_ is sufficiently large.

REMARK 1. For condition a < log (%) in Proposition B, the term a can be viewed as the initial
value of consumer utility in the absence of reference effects. When the discount parameter 3 is 0.95,
log (%) is about —2.94. Therefore the condition holds when the initial purchase probability is
roughly smaller than 5%. This fact aligns with our observation in the JD.com dataset, where the
purchase probabilities for most products are lower than 5%.

We interpret Proposition E based on our Proposition E in Section E According to the local definition
(Definition E) of reference effects, consumers satisfying assumptions (¢, <c_) in Proposition a are
loss-averse/neutral, which would make the optimal pricing policy static according to the classic

1-8

result. On the other hand, since a — bp is negative given that a < log (7> and the usual choice

of 3 is larger than 3, the scenario in Proposition B falls into the category of statement in

Proposition E By invoking the conclusion in Proposition E , consumers are not necessarily

loss-averse here, and a consumer is gain-seeking when x > z* for some z* dependent on parameters
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a,b,c, and c_. Therefore, it is reasonable that the optimal pricing policy is not constant, and this
argument necessitates the introduction of Definition B on regional reference effects.

We compare Proposition a with two relevant results from Hu and Nasiry (2017) and Chen and
Nasiry (2020), respectively. Our Proposition a indicates that the constant pricing policy may not
be optimal even if consumers are locally loss-averse in the logit demand model. In Proposition 6 of
Hu and Nasiry| (2017), the authors consider the exponential demand model and show that a steady
state does not exist for a certain range of demand parameters under a simplified assumption that the
memory parameter « is 0. Note that Proposition B in our paper does not rely on this assumption.
Our Proposition B is also related to Proposition 5 of Chen and Nasiry (2020), which states that
the constant pricing policy is not optimal when a certain demand model parameter is sufficiently
large. However, our demand model is considerably different from theirs since Chen and Nasiry (2020)
consider a piece-wise linear demand model with two market segments. In contrast, our model can

potentially have arbitrarily large number of market segments.

4.3. Computation of Optimal Pricing Policy

Now we show how to compute the optimal pricing policy and illustrate the structure of the optimal
pricing policy. For computational feasibility, we use price discretization, which is also common in
practice because of the natural granularity in prices. Let %, represent an e-approximation of the
continuous price range & so that for any r € &, mingcg, |7 — r| < €. The feasible set of price
pr is P.(r;) and is defined as P (r;) ={pe€ &P :ar; + (1 —a)p € Z.}, or equivalently & (r;) =
{(r —ar)/(1 —a)|r € Z.} N P. Therefore, the choice of Z.(r;) ensures that any r,,; satisfying
the equality constraint r,,1 = ar, + (1 — @)p, must lie in Z.. In summary, we consider a discretized

version of the pricing optimization problem as follows:

V( I1(
1?63% Zﬁ (re,pe)
st. e =ary+ (1—a)py, t=0,1,2,... (10)

P € Pe(r1), t=0,1,2,...

Note that we consider a discretized price space only for the computational purpose. Our previous
theoretical analysis applies to the general continuous price space. We have the following accuracy

guarantee for discretization, in terms of the long-term revenue V" .
PROPOSITION 6. For any r € .,

(o n BC,
41-a)(1-p8) 4(1-a)(1-ap)

where Cy = [,_omax{b+ci,b+c_}dG(0) and Cy = [,_o max{c,,c_}dG(0).

0<V*(r) = V() <
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REMARK 2. Notably, the bound on the right hand side of (El) depends linearly on e. Moreover,
when the first moment of coefficients over the mixing probability distribution G exists, it is guaranteed
that both C; and C5 are finite. Since this bound applies to any r € Z,, it follows that

lim sup |V*(r) = V> (r)| =0.

e—0 rERe

We compute optimal pricing policies with a modified policy iteration algorithm described in Algo-
rithm m The modified policy iteration algorithm is known to converge to optimality (Bertsekas
2019). Compared to the value iteration algorithm, policy iteration is computationally more efficient
in general (Bertsekag 2019). In Algorithm m, we generate a sequence of long-term revenue function
and pricing policy {V®) (r), p,«(r)} for all r following an iterative procedure that alternates between
policy improvement and approximate policy evaluation. At iteration k, policy p,« is obtained by
improving the previous policy p,x-1 in line 5-7, and then cumulative revenue from the first s, periods
is used to approximate the long-term value function of policy p,+ in line 8-10. The constraint in line
7 of Algorithm m restricts the choices of price at time ¢ so that the updated reference price of the next
period ¢+ 1 still falls into the discretized set Z.. The choice of s; in line 9 of Algorithm m does not
affect the final convergence. For a more accurate policy evaluation at each iteration, we recommend

a relatively larger s; so that a®* is smaller.

Algorithm 1 Modified Policy Iteration Algorithm for Finding Optimal Pricing Policy
1: Input: § >0

2: Initialize: k=0, VO (r) =0, Vr € Z.

3: repeat

4: Increase k by 1

5: Policy improvement: Generate new pricing policy p,.» according to

6 pos(r) € argma {110, p) + BV (ar + (1= ),

7: Q:t ar+ (1 —a)p(r) € Ze, Vr € X.

8: Approximate policy evaluation: Calculate the long-term revenue of pricing policy p.+ for any

initial reference price r € %, by

sp—1
9 VO (r) =gV E D) + Y B1L(ry, pae(r),
=0
10 st. ro=r,ry=ar;_1+(1—a)pr(rj—1), j=1,...,54

11: until [V®(r) — VED ()| <6, Vr € %,
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4.4. Numerical Examples of Pricing Policies

In all numerical examples, we fix the price range &2 = [0, 10] and the discretization accuracy € = 0.01.
The price memory parameter is a = 0.80, and the discount rate is 8 = 0.95. Parameters in Algorithm E
are chosen as s, = 103 for all k¥ and § = 1071%°. Given a discretization accuracy € and a price range
Z of length L, the size of the discretized price space %, is Le~!. Using one core on a 2.6 GHz 6-Core
Intel Core i7 processor, the average running time of Algorithm El is 10 minutes if L =10, e =0.01 and
|Z.] =103, and is less than one minute if ¢ =0.1 and |%.| = 10?. In Figures E and E, initial reference
prices are randomly selected by default, since they do not affect the optimal pricing policy and in
most cases only affect the first few periods of optimal price paths.

Cyclic pricing policy can be optimal for smooth demand functions. In Figure E, we con-
sider one consumer with responsiveness parameters (a,b,c,,c_)=(1,1,1,1). The demand function
of this consumer is smooth since ¢, = c¢_, and this consumer is locally loss-neutral according to
Definition E at the aggregate demand counterpart, it is generally believed that such a consumer
responds equally to gains and losses so that the optimal pricing policy is constant (Kopalle et al) 1996,
Popescu and Wu 2007). However, this simulation firmly shows that such general rule does not apply
to our demand model. Figure E shows the optimal price path, which is cyclic. From the theoretical

perspective, the sub-optimality of the constant pricing policy is captured by Proposition E

Figure 2 Pricing Optimization for Locally Loss-neutral Consumers (a,b,cy,c—)=(1,1,1,1)
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£ E AN IR A O A N
o / 4 e AR .' | .': [
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0
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r Time
(a) Optimal Pricing Policy Func-  (b) Price Path of the Optimal Pric-
tion p*(r) ing Policy (ro=7.91)

Local loss-aversion does not preclude price variations. We show two numerical examples of
pricing for locally loss-averse consumers. In Figure E(a) and Figure B(b), the responsiveness param-
eters are (—5,0,1,5) and (2,10,0.5,1) respectively. In both cases, the condition ¢_ > ¢y holds so
consumers are locally loss-averse according to Definition . However, the optimal pricing policy is
cyclic. Two examples in Figure B illustrate the difference between our model and the linear demand

model, and further validate Proposition E
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Figure 3 Cyclic Optimal Pricing Policy for Loss-averse Consumers
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Constant optimal pricing + constant optimal pricing # constant optimal pricing. We
consider two types of consumers coexisting in the same market and refer to them as consumer
A and consumer B. The responsiveness parameters of consumer A and B are (2,2,0.2,0.2) and
(—1,0.2,0,0), respectively. As shown in Figure H(a) and Figure H(b), a constant pricing policy is
optimal for a market of consumer A only or consumer B only. However, the constant values are
different. The optimal constant price p* for consumer A lies in the interval [0,2], while p}; lies in
[4,6]. We assume that two types of consumers coexist in the market with equal proportions, and the
price is uniform for all consumers. Figure H(C) shows the optimal pricing path, which is cyclic. For
Figure @ (a)(b)(c), we fix ry as the average price 5.0 for better alignment in comparisons. Figure
shows the per period revenue obtained from consumers of type A and type B under the pricing policy

in Figure @(c), and we leave some discussion of Figure to Section of the e-companion.

Figure 4 Optimal Price Paths for Homogeneous versus Heterogeneous Consumers
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with with Consumers  (ws = Revenue from the Whole Market
(aa,ba,car,Ca_) (ag,bp,cB1,CB_) 0.50, wg = 0.50) and Two Consumer Segments
=(2,2,0.2,0.2) =(-1,0.2,0,0) Respectively

5. Learning Consumer Heterogeneity
In this section, we discuss our computational procedure for recovering heterogeneous consumer ref-

erence effects, which is a preceding step of pricing optimization. To be precise, the estimation goal is
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to retrieve the joint mixing distribution G of consumer responsiveness parameters 6 = (a,b,c;,c_)

from transaction data, without imposing any parametric assumptions on the mixing distribution G.

5.1. Likelihood Function and Optimization Problem
Suppose N data points {(r,,, pn, d,) }Y_; have been collected from multiple consumers across multiple
periods, where d,, € {0, 1} represents a purchase decision, and r,,, p,, represent a reference price and a
price respectively. We define the covariate vector @, = (1, —pp, (T —Pn)+, (rn —pn)—) for 1 <n < N.
The utility of purchase is «, 6, and that of no-purchase is 0. The likelihood of (r,,p,,d,) given
mixing distribution G is then
exp{z'0 1
L(@n,dn|G) = d, /969 Hf};{p%dG(O) +(1—d,) /066 e iCO. 1)

where © is some feasible region of 8. Given G, the likelihood vector £f¢ is composed of N choice
probabilities, i.e., f¢(n) = L(x,,d,|G) for 1 <n < N. Corresponding to the case where G = &g, £
is called an atomic likelihood vector and denoted by £ for simplicity, i.e., £¢(n) = L(x,,,d,|d) for
1<n<N.

Following the nonparametric maximum likelihood estimation (MLE) (Kiefer and Wolfowitz [1956)

method, the estimator G is obtained by maximizing the total log likelihood function,
max o Zlog{fG } s.t. G is supported on O. (13)

In (@), G can be an arbitrary (either continuous or discrete) probability distribution, which is
different from traditional MLE where G is usually assumed to follow a certain parametric form (Meng
and Rubin [1993).

The maximization objective £(f¢) in (B) is concave in £f¢ and the constraint space of f¢, ¢ =
{f%: G is supported on O}, is convex. Therefore, (@) is a convex optimization problem with respect
to f¢. The constraint space ¢ is quite large since © is usually uncountable and even unbounded. To

make ¢ more tractable, we invoke the fact that (Lindsay [1983)
¢ = conv(cl({f?|0 € ©})), (14)

where cl({f®|@ € ©}) represents the closure of set {f?|@ € ©} and conv represents the convex hull.
The closure cl({f?|0 € ©}) is often strictly larger than {f?|6 € ©} when © is unbounded because
£9(n) #£0,1 for any % € {£916 € ©} while c1({f|6 € ©}) may include an extreme vector that contains
limiting value 0 or 1 of the choice probabilities. Combining (@) with (@)7 we rewrite the likelihood

maximization problem as follows,
max ((£9) Zlog{fG } s.t. £9 € conv(cl({f?|0 € ©})), (15)

which is the basis of our computational procedure introduced later in Section @
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5.2. Computation of Mixing Distribution

Our computational procedure summarized in Algorithm E is built upon the framework of the con-
ditional gradient (CG) algorithm, also known as the Frank-Wolfe algorithm (Frank et al. [1956).
Jagabathula et al, (2020) apply the CG algorithm to estimate general mixed logit models and show
that it has superior performances compared to the popular expectation-maximization (EM) algo-
rithm ([Train 2008). In Algorithm , we apply CG to the optimization problem in (@) with necessary

modifications.

Algorithm 2 Computing Nonparametric MLE with the Conditional Gradient Method

1: Input: data points {(r,,pn,d,)}2_, , number of iterations T
2: Initialize: f5) = £, support set o) = {£%}
3: fort=0,1,...,7—1 do

4: 8(1) € argmax,cq((eoj9co}) 8 VEIEw) > Find consumer segment via solving subproblem
5: L) =T U{8w} > Update support set of consumer segments
6: £111) = argmaxee ony( Fiesn) ((f) > Remaximize objective function over new support set
7: end for

8: Output: likelihood vector fr), support set .#(1) and corresponding responsiveness parameters

At each iteration, Algorithm E adaptively searches for a new consumer segment by solving a
subproblem. Algorithm B finds a new support point g that solves the subproblem
ey 8 VR0 1o
where f; is the likelihood vector at iteration ¢. The subproblem (@) is equivalent to maximizing the
first-order Taylor approximation of £ around f), which is
pealiax o)+ (8= f0)- Vo).
A solution g to the subproblem (@) is a feasible direction (belonging to cl({f?|@ € ©})) that is
the closest to the direction of the gradient V¢(f(;)), in which the objective function increases at the

fastest rate. The objective function is then reoptimized by maximizing £(f¢) over the convex hull of

all support points collected from iteration 0,1,...,¢t,
N
max /(f¢) = Zlog{fc(n)} s.t. £9 € conv({f%, 80),&(1),-- -+ &1 }), (17)
n=1

which is much easier to solve compared to the original problem (@) because the feasible region in

(@) is a convex hull of finite points. The final output fir is in the form

7T90f00 + g0 + g1+ + Trgr-1),
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where 7, 7o, ..., mp_1 20, T, +7o+ - +mp_y =1, and m, represents the corresponding proportion
of the recovered consumer segment g, for 1 <t <7 — 1. Since only at most one new component is
added to the mixture at each iteration of Algorithm E, the final output of Algorithm E has at most T’
components. It is usually the case that most components only occupy very low probabilities (< 1073).
Therefore, in practical implementation, the final output is trimmed to keep only those components
with significant probabilities.

Provided that the subproblem is solved within certain error tolerance, the overall O(1/T") conver-
gence of the CG algorithm holds (Jaggi 2013). Moreover, the objective function is non-decreasing
across iterations because of the reoptimization step at each iteration. Therefore, it is sufficient to
approximately solve the subproblem (@) in practice.

While Algorithm E enjoys a theoretical guarantee due to the fact that its outer framework is based
on a convex problem, the subproblem step of Algorithm E proves to be non-trivial. Even constrained
in a simpler set {f?|6 € ©}, the subproblem (@) is a non-convex problem in @ (Udell and Boyd
2013, Akgakus and Misid 2021)). Moreover, the feasible region cl({f?|0@ € ©}) contains limiting points
of {f9]0 € ©}. Some of these limiting points might not belong to {f?|@ € ©} and represent some
“extreme” consumer types corresponding to “always purchase” or “always no-purchase”. The solution
to the subproblem may be one of these limiting points, which cannot be captured by a single set
of parameter 8. We prove that all solutions to the subproblem can be rigorously captured by two
sets of parameters (8,1) (Proposition in Section of the e-companion). Jagabathula
et al] (2020) extensively study the single-period scenario of the subproblem. However, our reference
effects model is different from the single-period scenario of Jagabathula et al| (2020) because it nec-
essarily includes data from multiple periods where product features (prices) might not be stationary.
Motivated by the two-parameter structure of the optimal solution, we propose a natural alternating
maximization procedure for the subproblem step of Algorithm E We have found that this alternating
maximization procedure combined with commercial non-convex solvers are effective in finding an
subproblem solution that improves the objective function consistently (see details in Section

of the e-companion).

6. Numerical Results of Estimation and Optimization
In this section, we first show a simulation study and then use a real-world dataset from the online
retailing company JD.com (Shen et al! 2020) to demonstrate the performance and practicality of our
proposed framework.

We focus on the following four approaches in the numerical study:

(i) Nonparametric MLE: This is the main approach considered in this work as previously described

in Section E and computed by the algorithm in Section E
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(ii) Finite mixed logit model via EM: If the number of components is fixed and given before param-
eter estimation, the purchase probability is essentially modeled by a finite mixed logit model
and can be estimated by the expectation-maximization (EM) algorithm ([Train 2008). In con-
trast, the number of components in applying nonparametric MLE is not fixed but selected in a
data-driven fashion.

(iii) Single logit model: The purchase probability is specified by one fixed set of responsiveness
parameter @ according to the logit model (E) The main distinction of this approach compared
to (i)(ii) is that it ignores the consumer heterogeneity at the individual level.

(iv) Aggregate linear model: The last approach is not a logit-based individual-level model but an
aggregate-level demand model. In terms of aggregate demand models for reference effects, the
linear demand model (@) is widely adopted in the literature (Greenleaf 1995, Chen et al, 2017,
Hu et al; 2016, Chen and Nasiry 2020),

Dy =A—Bp,+Cy(ri—p)y +C_(re—pi)—, (18)

where A, B,C,,C_ are four parameters that need to be estimated from the data.

6.1. Simulation Study of Prediction Accuracy
For the simulation study, we consider the canonical setting where consumers’ responsiveness param-
eters are uniformly distributed over a region ©, which is analogous to that of Hu and Nasiry| (2017)
where consumer valuations are uniformly distributed. We use k£ to index replications and use n to
index data points within each replication. For each experiment replication, we generate a train-
ing dataset as follows. For any k=1,...,K and n=1,..., N, price py, and reference discrepancy
Tkn — Pkn are independently generated from distributions p; and po respectively, and a consumer
responsiveness parameter vector 6y, is sampled uniformly from ©. We take distribution g, as
max(0, Normal(1,9)), po = Normal(0,9), and © = [0, 10]*. The purchase probability P}, ,, is computed
according to the logit form (a) introduced in Section a The purchase decision dy, ,, is then generated
randomly so that dj, =1 with probability P ,, and dj , =0 with probability 1 — Py ,,. The testing
dataset is generated similarly during each replication. The sizes of the training set and the testing
set are both 500 in each replication, and the number of replications is set as 100.

To evaluate the prediction performances, we use the root mean square error (RMSE) metric and
the mean absolute error (MAE) metric. Given an estimated purchase probability ﬁlm, the two metrics

are defined as

RMSE =

K N K N .
ZZ Ppp — Pp)?, MAE = — ZZ Py —Ppnl  (19)
k=1 n=1 k: =1
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Different from the other three approaches (i)(ii)(iii), the aggregate linear model (iv) is defined and
fitted with aggregate data. To facilitate the comparison, we aggregate the demand forecasts from the
three individual-level models and compare them with the aggregate linear model under the aggregate
version of the RMSE and MAE metrics. More details of data aggregation and metric definitions
are described in Section of the e-companion. The performances of all four approaches are
summarized in Table EI, where the first three approaches are evaluated at both the individual level
and the aggregate level while the linear model is only evaluated at the aggregate level. From Table m,
we conclude that nonparametric MLE approach can improve prediction accuracy significantly in the

simulated settings. The performance of EM algorithm is the second-best among all approaches.

Table 1 In-sample and Qut-of-sample Prediction Performances

Method Individual level metric Aggregate level metric

In-sample  Out-of-sample  In-sample  Out-of-sample
RMSE MAE RMSE MAE RMSE MAE RMSE MAE

Nonparametric MLE 0.037 0.014 0.037 0.014 0.255 0.105 0.274 0.111
Mixed Logit via EM  0.050 0.018 0.052 0.018 0.307 0.127 0.335 0.132
Single Logit 0.074 0.031 0.073 0.031 0.468 0.196 0.544 0.214
Aggregate Linear — — — — 0.508 0.199 0.687 0.275

Subsequently, we investigate the impact of estimation accuracy on long-term revenue maximization.
Given any demand estimator, we can plug in the demand estimator and calculate an optimal pricing
policy using the policy iteration algorithm in Algorithm m Figure B(a) shows the price trajectories
of the four pricing policies, where the price range is fixed as [0,10], and the initial reference price
is the average price 5.0. Figure E(b) shows the expected discounted cumulative revenue of these
pricing policies under the ground truth of uniform distribution. In Figure E, three policies based on
individual level logit models are cyclic while the pricing policy under the aggregate linear model is
nearly static. Comparing three cyclic pricing policies, the pricing policies under the nonparametric
MLE and EM have much shorter cycles than the single logit model, and therefore the price changes
are more frequent and rapid under the former two models. This phenomenon suggests that frequent
price changes are favored when more consumer heterogeneity is captured. The long-term revenue

generated by the pricing policy based on our nonparametric MLE approach is higher than the others.

6.2. Case Study: Online Retailing Data from JD.com

In this section, we illustrate our approach on a real dataset provided by JD.com, a large E-commerce
retailer. We estimate heterogeneous consumer responsiveness to reference effects from data and
compare the predictive performances with other methods. Our numerical experiments on pricing
optimization further indicate that there can be significant revenue gain by considering consumer

heterogeneity.
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Figure 5 Comparison of Pricing Policies

00007000 0-0-500-0
0% =000 —0—0=0=0=0=0=0= 0= 0~
2%

@+ Nonparametric MLE
Mixed Logit via EM

Single Logit

Price

-4 -

q Linear

Discounted Cumulative Revenue

0 20 40 60 80 100 120 140 160 180 200
Time

0 5 10 15 20 25 30
Time

(a) Price Paths of Pricing Policies (b) Discounted Cumulative Revenue

6.2.1.
data of 31,868 products from 2.5 million consumers in March 2018 (Shen et al| 2020). For each

Data structure and data preprocessing. The JD.com dataset consists of transaction

product, there is a unique stock-keeping unit (SKU) associated with it, and we will refer to one
product by its SKU directly. Two data tables in the JD.com dataset are essential to our analysis:
the clicks table and the orders table. There are multiple columns and numerous rows in both
tables (2 million clicks and 500k orders). To exemplify the data structure, we selectively show sample
rows and relevant columns of the clicks and orders tables in Table E and Table B respectively.
In addition, there is a skus table in the JD.com dataset containing the brand, type information

(first-party or third-party product) of all SKUs.

Table 2 Sample Rows and Selected Columns from the clicks Table

SKU ID

user 1D

request time

924eba6741

06102£7920

2018-03-01 23:23:54

6ae4031{c2

ac3e22068f

2018-03-31 10:04:02

Table 3

Sample Rows and Selected Columns from the orders Table

brand ID

SKU ID

user 1D

order time

original price

selling price

198cec62al

Oabe9ef2ce

581d5bd4cl

2018-03-01 17:14:25

89.00

79.00

9b0d3abic6

fhb2d3d4dal

067b673f2b

2018-03-29 08:40:55

99.90

69.80

Each user corresponds to one consumer in this market. Potentially, one person may own multiple
user accounts on this platform, or that multiple persons may share one user account. However,
verifying such information is prohibitive, and we treat each user alone as one unique consumer. Thus,
we will use the two terms, user and consumer, interchangeably as they are equivalent in our empirical
study. As we can see from Table E and Table E, a timestamp named “request time” is generated each
time a consumer clicks one product; similarly, a timestamp named “order time” is generated each

time a consumer places an order. Given any consumer, we can obtain all click and order activities
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in March 2018 by querying all the rows with the corresponding user ID. Then, we can group these
activities separately by SKU and arrange all the activities in the order of time for any given pair of
consumer and SKU. In this way, we recover the complete shopping schedule of each consumer.

We explain how the choice information and price information are extracted. For simplicity, suppose
we are looking at one consumer labeled as ¢. Whenever c clicks on a product labeled as s, ¢ is deciding
on whether to purchase. If ¢ orders product s, one row is generated in the orders table containing
the price information at that time. Otherwise, the consumer ¢ may click s multiple times but no
order is made. Since there is no price column in the clicks table, the price of s at that time is not
directly available from the click data from consumer c¢. We adopt two reasonable procedures to deal
with missing or redundant information in the data. First, for the price information, we query the
activities from all other consumers who ordered s during a short time window containing the click
time of consumer c¢. We then use the average price among all prices from other orders as the price that
¢ encounters. Second, consumer ¢ might click s multiple times during a short period when consumer
¢ is hesitating or going back and forth to check for more detailed product information. Therefore, for
any consumer and product pair, we merge all the clicks that happened within one hour.

We follow the popular exponential smoothing scheme to calculate the reference price. In doing
so, a memory parameter a € [0,1] is needed. We choose a range of potential values for o and use
cross-validation to choose ae with the best prediction performances. For the initial reference price, we
may estimate it together with the heterogeneous responsiveness parameters in our original demand
model and nonparametric MLE approach. However, the statistical model may not be identifiable
anymore with the extra unknown parameter (Dufour and Hsiad 2010). Instead, we impute the initial
reference price as a weighted average of the original unit price and the unit selling price from the
consumer’s first click of this product. The unit selling price refers to the actual price that the user
needs to pay for the product after all applicable price deduction due to coupons or other promotional
avtivities. In practice, the original unit price is always shown to the consumers when they are viewing

the product, so it is included in consumers’ price histories.

6.2.2. Estimation of heterogeneous reference effects. We focus the analysis on fast-moving
products and analyze them individually. Fast-moving products are those with large demand and
frequent buyers. By these criteria, we focus on SKUs {‘adfedb6893’, ‘3¢79df1d80’, ‘b5cb479f7d’}, and
we number them as SKU1, SKU2 and SKU3. All these SKUs are first-party products, which means
that they are sold by JD.com rather than third parties. For a specific product, we collect clicking
and ordering information from all consumers who have made at least one order of the products.
This restriction is due to the popularity of the online platform. As a lot of users click product

view pages multiple times but never make a purchase, data from the entire customer group leads
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to large noise. Moreover, as far as the reference effect is concerned, the retailer’s main target is
the consumers who visit frequently. Using the computational procedure introduced in Section B,
we compute nonparametric MLE and document the estimation results in Section of the e-
companion. We observe that the estimation results commonly contain multiple market segments with
varying proportions, which exhibits consumer heterogeneity in reference effects. Later in Section ,
we then evaluate the prediction accuracy and revenue of the nonparametric MLE approach with other
three approaches, EM algorithm for fitting finite mixed logit, single logit model, and the aggregate

linear model.

6.2.3. Pricing optimization under heterogeneous reference effects. We conduct pricing
optimization with heterogeneous reference effects for all three SKUs based on our estimation in
Section . As before, the optimal pricing policies are computed by the modified policy iteration
algorithm in Section H When computing the optimal pricing policies, the price range for each SKU
is taken as the smallest interval containing the highest and the lowest unit selling price observed in
the sales data of that SKU, and the discretized price range is of size 500.

Figure B shows the pricing policies for three SKUs. The pricing policy of SKU1 is constantly high,
while the pricing policies for SKU2 and SKU3 are both cyclic. All three policies contain prices that
are boundary points of the selected range. This is not uncommon for pricing optimization under
reference effects, as previously shown in simulations (see Figure E and H) Setting prices at the highest
or lowest prices means larger price variations and may incur more demand from consumers under

reference effects.

Figure 6 Optimal Price Paths for Sample SKUs
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6.2.4. Evaluations of prediction accuracy and revenue. Similar to Section @, we compare
the performance of our nonparametric model with the other three approaches on prediction accuracy.
Previously in (@), the metrics are defined using the ground truth of mean unit demand, which

are not observable in practice. As a proxy, we compare the prediction result with purchase ratios,
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which is the number of consumers purchasing this product divided by the number of consumers
clicking this product within a certain time frame. The purchase ratios in evaluation metrics are
analogous to market shares in the multi-product setting in Jagabathula et al] (2020). Aligning with
the estimation procedure of the linear models, we compute the actual purchase ratios on a daily basis.

The evaluation metrics are then defined as RMSE = \/% St (dy —d)? and MAE = LS |d, —d|

where d, represents a predicted purchase ratio and d is the average market share.

Table 4 Comparison of Prediction Accuracy

SKU1 SKU2 SKU3
RMSE MAE RMSE MAE RMSE MAE

Nonparametric MLE 0.0013 0.0011 0.0009 0.0005 0.0060 0.0046
Mixed Logit via EM 0.0016 0.0012 0.0150 0.0132 0.0213 0.0164
Single Logit 0.1348 0.1346 0.1431 0.1430 0.1494 0.1475
Aggregate Linear 0.1420 0.0401 0.3028 0.0584 0.3433 0.0948

Method\ Evaluation Metric

Table @ shows the performances of four approaches in these two metrics for all three example
SKUs. It is clear from Table @ that the nonparametric MLE approach has the best performance in
all the metrics. In our implemention, EM is initiated with the same number of components as the
nonparametric MLE in each setting. Therefore the model expressive power of the mixed logit model
in nonparametric MLE and EM are technically the same. Yet, Table @ indicates that nonparametric
MLE brings at least 9% decrease for all six metrics of three SKUs, in particular more than 100%
decrease for SKU2. On the other hand, the two approaches (single logit and aggregate linear model)
that do not account for consumer heterogeneity have significantly larger errors compared to the first

two approaches in Table H

Table 5 Long-term Revenue in Simulations

SKU1 SKU2 SKU3
Mean Median Mean Median Mean Median

Nonparametric MLE  145.117 145.119 817.221 823.848 70.617 71.497
Mixed Logit via EM  145.117 145.119 640.566 663.708 54.355 54.197
Single Logit 133.015 133.795 662.508 669.424 59.197 57.945
Aggregate Linear 145.071 145.074 391.507 436.808 1.236  1.227

Policy\Revenue

We then investigate the performances of four “optimal” pricing policies based on each of the
four estimation methods. The “optimal” term is relative and it means that the pricing policy is
optimal with respect to the demand response environment simulated by one of the estimation results.

As before, given the demand response model, the optimal pricing policies are computed using the
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modified policy iteration algorithm in Section @ Since the nonparametric MLE approach gives the
best overall performance in RMSE and MAE in Table H, it is used to simulate the true environment of
market response when evaluating the pricing policies. For each SKU, we compute long-term revenues
given different initial reference prices across the price range observed in the dataset, and summarize
the mean and median of these long-term revenues in Table B The numerical results in Table E
suggest that an increase in prediction accuracy can potentially lead to an increase in long-term
revenue though the increase in revenue might not be necessarily proportional to that in prediction
accuracy. The reason why the performances of all four policies for SKU1 are very similar is that the
optimal pricing policy has relatively simple structure as shown in Figure E(a). On the other hand, the
increases in long-term revenue for SKU2 and SKU3 are rather significant in Table B with around 30%
even compared with the second highest revenue. As a robustness check, we evaluate the performance
of these pricing policies under the linear model environments and find that the pricing policies by
nonparametric MLE are still relatively good compared to the optimal benchmark pricing policy and

outperform the other two individual level approaches (see Section of the e-companion).

7. Conclusion and Future Research

In this paper, we propose a framework for demand estimation and pricing under reference effects,
with a novel way of incorporating consumer heterogeneity. We carefully revisit the notion of reference
effects from the perspective of individual consumers, whose preferences are heterogeneous in nature.
We present a nonparametric statistical methodology to simultaneously recover the heterogeneity from
mixed consumer data and estimate the responsiveness parameters under reference effects. Further-
more, we draw valuable managerial insights from our theoretical analysis and numerical experiments.
Moreover, we demonstrate the practicality of our proposed approach by applying it to real-world
data from the E-commerce retailer JD.com. The case study on JD.com provides empirical evidence
for the value of incorporating consumer heterogeneity in reference effects.

Our work points to a few interesting directions. As an application, our work may be used for
personalized pricing and retargeting. Based on the estimated mixing probability distribution and
consumers’ past purchase behaviors, we can use Bayesian posterior to estimate a single consumer’s
preference under different prices. After collecting such information, the online retailer can execute
personalized retargeting (e.g., by sending coupons and promotion information to selected consumers)
to boost revenue. In contrast, a commonly used method for personalized retargeting is clustering.
Clustering is computationally very challenging when considering all the frequent online activities.
Moreover, the number of clusters needs to be predetermined. Our nonparametric modeling approach
provides potential advantages in avoiding such issues.

It is also interesting to consider reference effects in the more challenging multi-product setting.

In practice, consumers often compare the prices of similar products before making decisions. The
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price of one product may affect reference prices of other related products (Briesch et al) 1997, Wang
2018). Under the multi-product setting, two types of reference effects need to be accounted for
simultaneously — the “horizontal” effect by comparing with prices of similar products offered at

4

the same time and the “vertical” effect by comparing with historical prices. From a data-driven
perspective, the learning process could also be more computationally difficult since the number of
parameters regarding cross-product effect increases exponentially with the number of products.

Our logit demand model naturally extends to the multi-product setting, which we term as “the
random coefficient multinomial logit model with reference effects” and briefly discuss it as below.
Assuming that there is a set S of substitutable products, the utility function of product i from set
S at time t is

wi (@) =a—bps+cy-(1ig—pit)r+e - (Tis—Die)- +é€is,

where the random coefficient @ = (a,b,c,,c_) follows the probability distribution G. The expected
purchase probability of product ¢ from one consumer is
/ S LTAL)) )
oco 1+ ZjeS exp{u;,.(0)}

In general, the reference price r; ; can be modeled as a function of historical and current prices of all

products,
rip = f({Pjr}iesa<r<e)-

The choice of f may go beyond exponential smoothing in this case and should be carefully designed
in a domain-specific fashion. In the multi-product and single-period setting, Wang (2018) considers
several different ways of modeling reference prices, such as the highest price max;cgp;,; or the lowest
price minjegp;; of all products in S. Finally, in addition to pricing optimization, one may also

consider assortment optimization or joint assortment and pricing optimization.
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E-companion for
“Intertemporal Pricing via Nonparametric Estimation:
Integrating Reference Effects and Consumer Heterogeneity”

EC.1. Proofs for Section E

In this section, we present proofs of Proposition EI, and Proposition E in Section E

EC.1.1. Proof of Proposition E
Proof of Lemma H When R(z,p) < —R(—=x,p) for any = >0, we have

R(@,p) = RO.p) | B(=2,p) = RO0:P) _ g one w0,
T X

where the inequality holds because R(0,p) =0. Taking the limit  — 0, it follows that p > 1. We can
similarly get results for the other two cases. 0

Proof of Proposition B The conclusion is straightforward by considering the signs of the sec-
ond derivative of the logit demand function R(x,p), with

_expla—bp+C(z))  exp(a—1bp)
Riw.p)= 1+exp(a—bp+C(x)) 1+exp(a—bp)

Define h(x) = %, then taking derivative with respect to x, we have

OR(z,p)
oz

exp(a —bp+C(x))

=) T expla—bp 1 C@))2

=C'(x)h(z)(1 = h(z))

and
01;(;2,17) = (C'())*h(@)(1 = h(x))(1 = 2h()).

R(z,p) is convex in x if and only if (1 —2h(z)) >0, and concave if and only if (1 —2h(z)) <0. It
is therefore clear to verify these conditions hold.

We introduce shorthand notation w; = exp(a + ¢y 21) and wy = exp(a + ¢y 23), and z =
exp(—bp), then we obtain the difference between R(xy,p) and R(z,,p) as

wy 2 Wa2 (wy —wy)z Wy — Wsy

R(zy,p) — R(22,p) = - = — .
(@1,p) = R(@2,p) L+wiz 14wz  (T4+wiz)(l+wz) 1/z+wiwez+wi +w,

Without loss of generality, we assume z; > x5. Since ¢y > 0, we have w; —wq > 0. Clearly, z decreases
as p increases, while R(x1,p) — R(x2,p) decreases as 1/z 4w, wsz increases. Considering 1/2z 4+ wqwsz
as a function of z, it is monotonically decreasing in z when z < 1/,/wyw; and monotonically increasing
in z when z > 1/\/wiw,. Here, z < 1/ /wiw, is equivalent to the condition that —2bp < —2a —
ci(x1 + ). O
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EC.1.2. Proof of Proposition

Proof of Proposition E The proof is based on the following properties of R(z,p). When a —bp = 0,
¢y =c_, R(x,p) as a function of x while fixing p, is a function with “S”-shape and symmetric with
respect to the origin # = 0. Moreover, the absolute value of derivative of R(x,p) is maximized at
the origin =0 and decreases as |x| increases. When a — bp # 0, we can equivalently think of the
“S”-shape moved left or right. Therefore, statement , and follows from the basic properties
of the logit function. To be more rigorous, we show a detailed proof of .
Note that for x > 0, we have

3 _ expla—bpt+cix)  exp(a—bp) expla—bp—c_z)  exp(a—1bp)
Riw,p)+ R(=z,p) = 1+expla—bp+cyz) 1+expla—bp) 1+expla—bp—c_z) 1+exp(a—0bp)
When a — bp <0 and ¢, —c¢_ >0, we are able to bound it by

exp(a —bp+ cyx) exp(a — bp) exp(a —bp — cyx) exp(a — bp)
_ > _ _
R(w,p) + R(-z,p) > 1+expla—bp+cyz) 1+4+expla—bp) 1+expla—bp—ciz) 1+exp(a—>bp)

(EC.1)

Consider function h(y) = —S2la—brty) ;- Taking derivative with respect to y, we have R (y)=nh(y)(1—

1+exp(a—bp+y
h(y)). Then we can write R(z,p)+ R(—z,p) as

Ra,p)+ Bl-e) = | Wy - [ W= / () — W ().

It suffices to prove that h'(y) > h'(—y) for any y > 0. We can bound the difference by
1 1
W (y) — b (—y)= - :
(I+exp(—a+bp—y))(1+expla—bp+y)) (1+exp(—a+bp+y))(1l+exp(a—bp—y))

Under a shorthand notation that A = exp(a — bp) and B = exp(y), then A <1 for a —bp < 0 and

B >1 for y >0, and we have
, , 1 1 AB AB
h(y)—h(-y) = “1p-1 - -1 EER 2 2"
(1+A'B-Y)(1+AB) (1+A-'B)(1+AB-') (1+AB)2 (A+B)

By comparing the denominators of the above two terms, it is clear that

(1+AB)? - (A+B)’=(1+AB+A+B)(A-1)(B-1)<0.

Therefore we have shown that A'(y) — h'(—y) > 0 and the conclusion follows. The part 2) of
follows directly since the inequality in is strict when ¢, — c_ > 0. Similarly, the conclusion of
hold.

It is critical to see that the sign of a — bp controls the behavioral type at large, because

] exp(a — bp) . exp(a — bp)
1 =1 EPET) iy _R(—ap) = P
i R(@.p) Ttexpla—bp) rote O = T expa—by)

We consider the scenario in exclusively, since the scenario in is symmetric to .
We use shorthand notation A = exp(a—bp), u(z) =exp(cix), and v(x) = exp(—c_z) for 2 > 0, then
according to assumptions in (iv)(a), A < 1,u(z) > 1, v(z) <1, u(z)v(r) <1 and lim, 1 u(z)v(z) =
0. By definition,

Au(z) A Av(x) A

Riw.p)= 1+ Au(z) 1+ A4 and  R(-z.p)= 1+ Av(z) 14+A
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For any fixed p, let S(z) be defined as S(z) = R(z,p) + R(—=z,p), then

: A
S(0)=0 and IETwS($) _1_214—714 > 0.

To identify the type of consumer behavior, we want to know the relationship of S(z) and 0. We take

a derivative of S(z) with respect to z as below:

L 2
(Vau@)+ 725" | & N
We now show that is non-increasing in x. Define g(z , then
1 SJF }(x ) (z) =

taking derivative with respect to x, we have

1 2 Vule) v(@)
dg(z) _ —(cy + C—)(m — A% /u(z)v(z)) — (c- — C-&-)(Am Am) (BC.3)
dz ‘

From the condition that A <1, u(z) > 1,v(z) <1, u(x)v(x) <1, we have inequalities

1 — A% /u(z)v(z)>0 and A u(z) — A~ v(z) > 0.

Combining with the condition c_ > ¢, >0, we conclude that

1 2
v u(z) )

1
V(@)

A\/ U(ﬂ?) + \/ﬁ
Correspondingly, according to (), combined with the condition that C—* €10,1), the derivative
dS(a:)

when z > 0. Since

(

we have shown that ¢°(z) =

1 2
\/u<x>) 0

1 - )
Vo)

) is decreasing from 1 to 0 as x goes from 0, to +oo.

=1 and lim (
2=0 x——+o0

goes from negative to positive. Let 2’ be the point satisfying dS w) =0.

To sum up, S(z) is strictly decreasing for x € (0,2’) and then strlctly increasing for z € (z/, 00).
Combining with S(0) =0, lim,_, 4o S(z) =1 — 225 > 0, so there is a unique cross point z* € (2’, )

of the curve y = S(x) and the horizontal line y =0 in the two-dimensional space. Thus, we have

completed our proof of , and is a symmetric result of . O

EC.2. Results on Myopic Pricing Policy
In this section, we present our results on the myopic pricing policy, which include the proof of

Proposition B on the performance guarantee of myopic pricing policy and a simulation study.
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EC.2.1. Performance Guarantee of Myopic Pricing Policy
A popular heuristic for the pricing optimization problem is the myopic pricing policy, denoted by
Pm- Instead of solving the Bellman equation (E)7 the myopic pricing policy is defined by attaining

the maximum for the single-period revenue during each period t, i.e.,

pm(r) = argmax II(r, p). (EC.4)
pEP

The pricing optimization problem ( ) is easy to solve since it is a univariate optimization problem.
In the case where & is assumed to be finite, this can be solved by enumeration with time complexity
O(|2|). The myopic policy is thus favorable since it is computationally effortless.

The long-term revenue under the myopic pricing policy is

oo

Vou(r) = BTI(rs, pon(r1)), (EC.5)

t=0

where ry =ar,_1+ (1 —a)p,(ri—1) for all t > 1, and ro =7.
In Proposition E, we quantitatively bound the long-term revenue gap between the optimal pricing

policy and the myopic pricing policy.

Proposition E (Restated) Let V* be the long-term revenue of the optimal pricing policy, defined
as in (B) and let V,,, be the long-term revenue of the myopic pricing policy, defined as in () It
holds for any initial reference price r that

pl-a)
(T—aB)(1-p) """

0<V*(r)=Vu(r) < (EC.6)

L . max(cq,c_)
where 1 :=min {1, SUP(a,b,cy,c_)€® ™ bt }

REMARK EC.1. We make the following interpretations on the upper bound in Proposition E
When a=1 or 5 =0, the upper bound becomes 0, which indicates that the myopic pricing policy is
optimal. This is true because the reference price is never updated when the memory parameter « is
set to be 1, and the long-term revenue becomes the single-period revenue with discount parameter
8 =0. The value of n depends on the responsiveness parameters among all the consumers. Recall
that ¢, and c_ are the responsiveness parameters for reference prices and b is the responsiveness
parameter for prices. When ¢, and c_ get larger, the reference effects become stronger. Since the

myopic pricing policy neglects reference effects, it is expected that the revenue gap becomes larger.
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EC.2.2. Proof of Proposition E
In order to prove Proposition E, we first present and prove Lemma , which provides key ingre-
dients to our proof of Proposition E We use Lemma to control the variation of maximal

single-period revenue under perturbed reference prices.

LEmMA EC.1. For two single-period revenue given reference price r and 7 respectively, the max-

imum single-period revenue gap satisfies the following inequality:

II I <njr—
| mesc TI(7,q) —max T(r,p)| < nlF =],

. . max(cq,c_)
where 11 = min { I, SUP(a,bcq,c_)€0 ™ pre_ }

Proof of Lemma . Without loss of generality, we assume that 7 > r. Given any € > 0, we
claim that it suffices to prove the inequality in Lemma for 7 —r <e. Let rq,...,ry be a price

sequence between r and 7 such that r=r <ry <.---<ry=7and r;4; —7; <€ for any 1 <i < N.

Suppose Lemma holds whenever 7 —r < ¢, then
‘max H(riy1,q) — max H(Ti,p)' <nlrigs =il
q P
Therefore, we are able to decompose the revenue gap max, II(7,p)—max, II(r,p) to

max II(7,p) — max II(r,p) Z <rnax II(r;y1,p) — max H(ri,p)>
P

i=1
N—

Now let € = %inf(a,b7c+,c_)

N-1

p) -~ max H(m-,m' <0 Y e —ril =l —r].

i=1

co m It suffices to prove the revenue gap in the statement for
any 7 and r such that 7 —r < e. In the following proof, we assume 7 —r < €. We denote the maximizers

of single-period revenue function II(7,p) and II(r,p) by p* and p* respectively, i.e.,

p* €arg max II(r,p) and p* € arg max II(7,q).
p q

We first prove that the price is sub-optimal if p < inf W We use 8H§’p ) to denote sub-
gradient in case the revenue function is not smooth. Note that,
Ol(r,p) / ( " exp(a —bp+C(7 —p)) exp(a —bp+C(7 —p)) )
—_— = —(b+C'(r— dG(6
Ip 0co b+C¢ p))p[l +expla—bp+C(F—p)))*  1+exp(a—bp+C(7—p)) (©)

_ exp(a —bp+C(7 —p)) 3 (b+C(F—p)p
_/ee@ 1+exp(a—bp+C(F—p)) <1 1+exp(a—bp+0(f—p))) ac(6)
>/ exp(a —bp+C(7 —p)) < B 1
" Joco 1 +exp(a—bp+C(7 —p)) 1+exp(a—bp+C(F—p))

) dG(0)
>0,
which indicates that the price is not optimal. Now we construct a revenue lower bound for p* >

Define

lnf(a,b70+7 -)€O b+max(c+ c )"

p=p" —n(F—r), (EC.7)
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where

max(c,c_
n=min | 1, sup M _
(abres,cye0 btc

We will show that p can reach higher revenue than p* when the reference price is 7, i.e.,
(a—bp" +C(7 —p*)) — (a—bp+C(r—p)) <0.

. . - max(cq,c_)
We  prove the conclusion for two scenarios where sup .. . jeo — e~ = 1 and

max(cq,c_)

SUD (g ey )e0 — e < 1, respectively.
1. Case n=1: Equation r — p =7 — p* holds when 1 =1, thus it holds that
(a=bp"+C(F=p")) = (a=bp+C(r—p)) = —b(p" —p) <0.

max(c4,c_

2. Case n= SUD (g p,c, c_)cO ﬁ <1
(a) When (r —p)(7 —p*) >0 or cy =c_, we have
(a=bp" +C(7 —p")) —(a—bp+C(r—p)) max{(—=bn+cy —cyn)(F—7r),(=bn+c_ —con)(F—r)}.
(b) When ¢, #c_ and (r —p)(7 — p*) < 0. By our choice of p and the condition that n <1, we
have
r—p=r—p —(1-n)(F—r)<F-p".
It implies that r —p <0 <7 — p*. Note that r < p <p* < 7. Consider the difference between
two utility functions,

(a—=bp" +C(F = p*)) = (a=bp+C(r —p)) = =bn(F —r) + c.(F =p*) —c_(r —p)

(s —e_n—bu)(F—1) — (4 — )(F" — 7).
We consider ¢, > c¢_ and c_ < ¢y separately.
i. Iif ¢y >c_, then (¢, —c_n—bn)(F—r)<0and —(cy —c_)(p* —r) <0, and we reach
the conclusion.
ii. Otherwise, if ¢, <c_, then
(er — cn—b)(F = 1) — (4 — )5 —7) < (e —eon— b+ —cy)(F—1)
=(c-(I=n) =bn)(7 —r) = (c- —=nlc- +b))(F—r) <0,

where the first inequality follows from ¢ — ¢, >0 and p* —r <7 —7r.

max(cq,c_)
a,b,c4,c_)€Esupp(G) T}’

expla— bp+C(r — )
4G(0) < /ee@ T expla—bprCir—p)) 00

To sum up, it follows that for 7 =min{1, sup
/' exp(a —bp* +C(7 —p*))
oco L +exp(a—bp* +C(F —p*

Therefore,

)

max H(qu) - HlZE)lX H(T‘,p) = H(’Fvﬁ*) - H(Tap*) SH(’Faf)*) - H(T’,ﬁ)

o exp(a—bp+C(r—p))
=(p _p)./ee® 1+exp(a*bﬁ+c(r*ﬁ))d0(0)

<n|F —r|.

This completes our proof. O
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Proof of Proposition B Recall that the optimal pricing policy and myopic pricing policy with
respect to reference price r are denoted by p*(r) and p,,(r) respectively. With the notation, for

optimal pricing

[e')

Ve(r) =Y BT(r;,p (1)), (EC.8)

t=0
where rf =ar;_; + (1 —a)p*(r;_,) for all t > 1, and r§ =r. Based on the recursive definition of r},
ry can be expressed as

t—1
ri=a'r+a (1-a)p (ry)+--+(1—a)p*(r;_)=a'r+ (1 —a) Zat’l’Tp*(r:), vi>0. (EC.9)
=0

Similarly, for myopic pricing,

P = BT, P (7)) (EC.10)
t=0
where 7., = ary -1+ (1 = a)pp(rmi—1) for all t > 1, and r,, 0 =7. And 7,,, can be expressed as

Pone = @' 4+ " (1 = @) (rm,0) + -+ (1 = @)pm (rmye—1) = 1+ ( Zat YT om (Pm),  VE>0. (EC.11)

Combining (EC.Y) and (EC.11), it follows that

t—1

[rf =Tl (1= ) Y@ T |p7(r7) = P (i) < (1= @ )par.

=0
We now utilize Lemma to finish our proof. Following () and (), for any r € 2,
Vi(r) = Vi Zﬂtn (rs,p"(r7)) ZBH Pon.ts P (Tont))
t=0 =
<> BT, pn(r])) = Y BT e, Pn(ine))  (by definition of p,,)
t=0 t=0

_Z/Btn Ttapm ZB H Tm tapm(rm t)) (because TS :Tm’():'l”)

t=1

Pllﬂg i

3 [m;iX I(r;,q) — mgxﬂ(rm,mp)]

<> Bt~ sl (by Lemma EC.)

Reorganizing the last term, it yields that

. S nB(1—a)
V Z:: an ( _aﬁ)(l_ﬂ)pHa

which is the desired bound. OJ
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EC.2.3. Simulation Study of Myopic Pricing Policy

We present a simulation study of the myopic pricing policy and observe that its performance may
deteriorate as reference effects grow. As defined in the maximization problem (JEC.4), the myopic
pricing policy maximizes the single period revenue but neglects the influences of the current price on
future revenue. In Proposition E, we provide an upper bound on the long-term revenue gap between
the myopic pricing and the optimal pricing policy. Proposition E postulates that the revenue gap
could be larger when the reference effects have a stronger influence on the revenue, as captured by the
parameter 7 in () To further illustrate the performance of the myopic pricing policy, we consider
a case where the consumer responsiveness parameter c, varies but parameters a =b=c_ =2 are
fixed. Under the same choices of «, 3, € as before, we compute the average revenue gap ratio defined

as |<7];€| > e V*(:,)*%(‘:;”(r) for different c; and summarize the results in Table .
Table EC.1 Revenue Gap of Myopic Pricing Policy

Responsiveness Parameter ¢; 1 1.5 2 2.5 3 3.5 4 4.5 )
Average Revenue Gap Ratio 0.290 0.378 0.423 0.447 0.460 0.467 0.471 0.472 0.472

Table shows that that myopic pricing policy may lead to approximately 40% revenue loss
compared to the optimal pricing policy. The myopic pricing policy may perform relatively better
when the consumers are less gain-seeking such as when ¢, = 1. Overall, we can observe an increasing
trend from Table — the average revenue gap ratio increases as the magnitude of reference

effects increases.

EC.3. Proofs for Section @

In this section, we present proofs of Proposition H, Proposition H and Proposition B in Section H The

proof of Proposition E is in Section .

EC.3.1. Proof of Proposition H

Proof of Proposition . The monotonicity of II(r,p) in 7 is clear from the non-negativity of b in
the definition of II(r, p). Given r, we assume pricing policy {p; }3°, achieves optimal long-term revenue
V*(r). Let the associated reference price sequence be defined as 7}, = ar; + (1 —a)p;,t =0,1,2,...,
where ro = r. For any reference price 7, we define 7, as 7,11 = a7, + (1 — a)p;,t =0,1,2,..., where
7o = 7. Notice that 7, and r; are defined similarly, and the only difference lies in the initial reference
price 7 > r, and therefore 7, > r; for all t =0,1,2,.... Then the long-term revenue given initial
reference price 7 and pricing policy {p} }éooil is >0, Btl'[(vzg, p;) By the monotonicity of the function
II(r,p) in 7, we conclude that V*(7) > Zﬁtﬂ(ft,pf) > Zﬂtﬂ(rf,pf) =V*(r). Thus we reach our

. t=0 t=0
conclusion. OJ
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EC.3.2. Proof of Proposition B
Proof of Proposition B We prove the conclusion by contradiction. Suppose there exists an optimal
steady price p*. Define the corresponding optimal revenue as

. exp(a —bp*)
*— dG(0).
T=p /969 1+ exp(a — bp*) (9)

Then the cumulative discounted revenue is 7* /(1 — ). We prove the result by constructing a better
pricing policy. Let g be a price lower than p* and define § as the ratio of ¢ and p*, then § is a number
in (0,1). According to our assumption, since for all (a,b,c,,c_) € ©, it satisfies the condition that

exp(a —bp*) <exp(a) < (1 —f)/5, we can choose ¢ such that

exp(a —bp*)
sup

<d< 1
(ab,cq,c_)€O (1 - 6)[1 + eXp(a - bp*)]

Suppose the given initial reference price is 5. We choose N large enough so that
N> {logl/a <M> {p" — 70> O}J 41, (EC.12)
(1-d)p
where notation |z | represents the largest integer that is less than or equal to number z. We consider
the long-term revenue of the policy that price ¢ is offered after price p* being offered for N times
consecutively. Notice that the reference price for time N + 1 is a™ry+ (1 — o )p*, and the revenue

at period N +1 is

. exp(a—bq+cy(aNro+ (1 —aN)p* —q
H(p ,Q)Zq/ ( + - ( )N - )_ac(e).
oco L texp(a—bg+ci(aNrg+ (1 —a)p*—q))
We can rewrite the utility function for time N +1 as
Ungr=a—bp* +b(1—=08)p* +cp((1—08)p* +aN(ro—p*)). (EC.13)

According to our choice of N in ()7 the quantity (1—0)p* +a® (ro — p*) is positive. Therefore,
the utility defined in () goes to infinity when ¢, approaches infinity. Notice that the definition

of m* does not depend on ¢, since 7* is a constant policy. Thus,

5/ exp(a—bq+c+(OéN7“o+(1—OéN)p* —q)) dG()

co 1+exp(a—bg+ci(aVro+(1—-a)pr—q))
approaches to ¢ as ¢, goes to infinity, which could achieve a larger value compared to 7*/[p*(1 — 3)].
Therefore, for sufficiently large ¢, , we have II(p*,q) > 7*/(1 — (). The new pricing policy produces a
higher revenue since the revenue generated at time N + 1 is higher than the long-term revenue from
stationary price p* since time N + 1, which conflicts with the optimality of p*. Specifically, if rq = p*,
then we have shown that the next optimal price is not p*, which means that any price p* cannot be

a steady state. This concludes the proof. O
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EC.3.3. Proof of Proposition E
Proof of Proposition B Let p* denote the optimal pricing policy. We define a pricing policy p.
for the discretized pricing optimization problem as follows. For any r € Z., p(r) is defined as
p(r) € arg minlp —p*(r)|
st.ar+ (1 —a)p € Z..
In case there are multiple minimizers to the optimization problem above, p(r) is chosen as any of
the minimizers. By definition of Z. and p(r), the reference price gap |(ar+ (1 —a)p(r)) — (ar+ (1 —

a)p*(r))| <€, and therefore [p(r) —p*(r)| < and p*, the Bellman’s equation
holds, i.e., V*(r) =1I(r,p*(r)) + BV*(ar + (1 — a)p*(r)). By optimality of V*,

V)= max  {l(r,q)+ BV (ar + (1 - a)g)}
> (r,p(r)) + BV (ar + (1 = a)p(r)).
Therefore,
Ve(r) = V() <, p™(r)) + BV (ar + (1= a)p™(r)) = (r, p(r)) — BV (er + (1 = a)p(r))
= ((r,p"(r)) = 1(r,p(r))) + B (V" (ar + (1 = a)p™(r)) = V7 (ar + (1 — a)p(r)))
+B(V (ar + (1 =a)p(r)) =V (ar + (1 = a)p(r)))
< (I(r,p*(r)) = 1(r,p(r))) + B (V" (ar + (1 = a)p*(r)) = V" (ar+ (1 - a)p(r)))
+Bmax{V*(7) - V(7))},
(EC.14)
where the last inequality follows from the fact that ar + (1 — a)p(r) € %.. For the simplicity of

notation, we define
Dy =1(r,p*(r)) =Il(r,p(r)) and Dy=V"(ar+(1—-a)p"(r)) = V" (ar+(1-a)p(r)).

We first prove uniform bounds on D; and D, that do not depend on choice of r. Note that we are
using slightly different proof technique here compared to proof of Proposition B The main reason
is that we want to make sure the final bound depends linearly on € without an intercept term. For
D, the proof idea is using Lipschitz property, and for Dy, we consider value iteration and prove by

induction. Note that
Dy =1I(r,p*(r)) — IL(r, p(r))

expla—bp+C(r—p)) ., o () — B
Spaf??m/gee (texpla—tpCr—pyy ¢ PO =)

/ max(b+cy,b+c_ )17dG( )s

»b\'—‘
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where the first inequality follows from the Lipschitz property of differentiable functions, and the

second inequality follows from the basic inequality that < 1 for any y > 0 and the fact that

Y
(1+y)?

[p(r) —p*(r)| < 15 Namely, we show that v, can be taken as [,_, max(b+c, b—l—c_)ﬁdG(O).

Consider the following value iteration, V*+9(r) = max{II(r,p) + BV* (ar + (1 — a)p)}. Now
p
we prove V(7)) — V®)(r) < 4|7 — 7| by induction. The induction holds trivially for V(©  and

furthermore

VD () -y ED () < max{Il(r,p) — II(7,p)} + BmaX{V(k)(aF (1= a)p) - VO (ar+ (1— o)
Si‘f ~ /ee(—) max(cy, ¢ )dG(0) + fypalr -7,

where the first inequality follows from the triangle inequality of maximums, the first bound in the
last line follows from the same proof idea as when we prove D;, and the second in the last line is by

induction hypothesis. Therefore, we have

1
VD (7) — YD () < (Z max(c., c_)dG(6) + 57204) I7— 7.
ZISC)

We set v5 = 1 max(cy,c_)dG(0) then the proof by induction is completed. Taking the

(1—aB) Joco
limit of k, and it becomes V*(7) — V*(r) < 7|7 — r|. Plugging this into Dy, it follows that Dy < ~yse.
Now that we have shown D; <~e and D, < ~5¢ where 1, v, are some parameters independent of r,

then for any r € Z., () yields that
V() =Va(r) < (n + Byz)e+ Bmax {V7(7) = VI(7)} - (EC.15)

Since the above inequality () holds for any r while the right-hand side of () does not

depend on the initial reference price r, taking the maximum over r, the same bound holds uniformly,

ie.,
max V*(r) = VI (r) < (m + Brz)e+ Bmax {V*(7) - V(7)} . (EC.16)
Since max,cq {V*(r)—V*(r)} = maxseq, {V*(7) —V*(F)}, after re-arranging terms and dividing
by (1 — ) on both sides of (), it follows that max {V*(ir)=Vr(r)} < %1—’__56%6. Plugging the
expression of 71,7, back to the bound, we have
Ci BCy
* _ * <
max Vi (r) = Vi) < [4(1 o) (1=p)  Hi=a)i-aB)|®

where Cy = [,_o max(b+c;,b+c_)dG(0), Cy = [,_, max(cy,c_)dG(@). Thus, we reach our con-

clusion. OJ
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EC.3.4. Intuition on Optimal Pricing Policy

We provide some intuitions on the optimality of the cyclic pricing policy when facing heterogeneous
consumers. As shown in Figure , there is a higher revenue gain from consumer B when the price
is set high around 1/5" of the time. The high price increases the reference price for the following
periods. As prices drop, the major revenue gain is from consumer A, which happens around 4/5%
of the time. To conclude, we observe that this cyclic pricing policy provides an interesting dynamic
pattern to boost revenue from two consumer types at alternating periods. In contrast, a constant
price has to be either away from p* or away from p% during all periods. Therefore, a constant pricing

policy hinders the revenue significantly from at least one consumer type and is unlikely to be optimal.

EC.4. Technical Details of Nonparametric Estimation
This section provides technical details of nonparametric estimation to complement the introduction

in Section B

EC.4.1. Subproblem: Characterization and Algorithm

Focusing on our specific problem formulation, we provide a thorough characterization of the sub-

problem (@) and its optimal solution in Proposition .

ProprosiTION EC.1. For any optimal solution g* to the subproblem (@),

d, T >0,
g*(n) =1 L(x,,d,|0+) if X9 =0, foralll<n<N, (EC.17)
1—d, if £l 9" <0,

where (97,0) is the optimal solution to the following mazimization problem,

N
(2d, — 1) - - exp(zx, 0)
—F—F 1 1 =0}———"——. EC.1
max £ () {z,9>0}+1{x, ¥ =0} T exp(T 6) (EC.18)

n=1

As we recall from the likelihood definition in Section @, each likelihood f? vector can be captured
by one set of parameters 6. But this is no longer true for the boundary points in cl({f%|0 € ©}).
Equation () of Proposition states that the optimal solution g* to the subproblem ()
can be characterized by two sets of parameters, 9* and 8*. When x| 9" =0 for all n, g* corresponds
to a standard atomic likelihood vector. When the sign of @ 9" varies over n, g* belongs to the
boundary of the convex hull of all atomic likelihood vectors. The indicator 1{z, 9" > 0} corresponds
to a consumer type that makes purchase with probability 1 in the presence of x,,, and 1{z 9" < 0}
corresponds to no-purchase with probability 1. Therefore, the additional parameter ¥* captures
those “extreme” consumer behaviors that may exist in the market, which is not captured by typical

finite mixture of logit models. Equation () is obtained by plugging two-parameter structure as
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explicitly stated in () into the original subproblem (@).The complete proof of Proposition
is in Section .

We then introduce Algorithm E that is inspired by the structure of the optimal solution revealed in
Proposition . Algorithm E is an alternating maximization procedure embedded into Algorithm E
(line 4-8) in Section B In the 0 step of Algorithm E, the optimization problem over @ is a continuous
optimization problem with the objective being a weighted sum of logistic functions. The logistic
function can be viewed as a special sigmoid function and maximizing a sum of sigmoids is NP-
hard in general (Udell and Boyd 2013). In the case of maximizing a sum of logistic functions with
binary covariates and nonnegative weights, Akcakusg and Misid (2021) prove that such a maximization
problem is NP-hard via reduction from the MAX 3SAT problem. Due to the hardness of solving this
problem exactly, we tackle this continuous optimization problem with powerful off-the-shelf solvers,
similar to Jagabathula et al] (2020). Specifically, we have found that the Powell method or BFGS
method in the Python scipy package is effective in our numerical analysis. To further circumvent
sub-optimal local maxima, we run the solver multiple times with random initialization and pick the
0 that achieves the highest function value. In the 1 step of Algorithm B, the optimization objective
over 9 resembles the 0-1 loss for a binary classification problem with linear classifier and sample
weights. Directly minimizing the 0-1 loss is non-convex and NP-hard, even when all weights are equal
(Ben-David et al|2003). To facilitate the computation, we maximize a convex surrogate loss following
the popular SVM approach. The hyperplane computed by maximizing the convex surrogate loss does
not directly maximize the 0-1 loss but we found that it performs decently well in improving the
objective function values in our numerical experiments. Specifically, we use the the standard SVM

solver in the Python sklearn package in 9 step .

Algorithm 3 Alternating Maximization Algorithm for Subproblem

1: Initialize: 19(0) and 0(0)

2: for[=1,...,L do
(2d,, —1) exp(x, )

3: 0 step: O =
Ly V(1—1)=
N
(2dn_1)< T T exp(a:TB(l)) >
4: ¥ step: ¥(;) = argmax — (H{z, >0} +1{x,9=0 -
Do =argmax 3 T M > 0) 4 a0 =00 g )
5: end for

We thus alternate the @ step and the 9 step until the two steps no longer significantly improve
the value of the subproblem objective function () The final output is constructed based on the
(¥,01) of the subproblem procedure according to Proposition . Algorithm 4 in (Jagabathula

et al, 2020, Online Appendix) can be viewed as a heuristic approach for our multi-time-period case.
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When applying Algorithm 4 in Jagabathula et al! (2020) to our problem, after obtaining 6, ¥
is intuitively computed by applying some upper and lower cut-off values of choice probabilities to
approximate extreme consumer type. It is unclear whether the direct approximation gives near opti-
mal solution to the subproblem. In contrast, the alternating maximization procedure allows the
step to generate a 9 that makes the maximization objective of the subproblem increase or at least

stay the same.

EC.4.2. Proof of Proposition
Proof of Proposition . By definition of V/(fy), the subproblem (@) at iteration t of Algo-

rithm E is equivalent to

N
g(n)
max E . EC.19
gecl({f0c0}) <= £(;)(n) ( :

When g is a non-boundary point of cl({f®|@ € ©}), i.e., g € {£?|0 € O}, there exists  such that
g = £ The non-trivial case is when g is a boundary point of cl({f?|0 € ©}), i.e., g € cl({f?|0 € O}) \
{£°|0 € ©}. By definition of cl({f?|6 € ©}), there exists a sequence {6}, }° , such that lim,_, ., f®% =g,
where % (n) = L(x,,,d,|0%).

Furthermore, the sequence {6}7°, is unbounded. Otherwise, if {0,};2, is bounded, {0)},
contains a convergent sub-sequence that converges to some vector 6. Tt follows that g= 0 c {£%16
©}, but this contradicts with the fact that f is a boundary point.

Without loss of generality, we can assume that limy_,.. ||0x|| = oo, because {0,}72, always con-
tains a subsequence whose norm goes to infinity. Let S be a set of indexes defined as S = {n €
[N]|g(n) ¢ {0,1}}. Let V be the linear subspace spanned by {x,|n € S}. We consider the orthogonal
decomposition with respect to V and V+, where V= is the orthogonal complement of subspace V.
For all k, 8), can be decomposed to 8;, = a, + 3,,, where a, € V, 3, € VL.

Forn € S, we have g(n) ¢ {0,1}, thus {0, }5° | is bounded and lim,,_,., @, 6 exists. On the other
hand, 0, = x| ay, so {x] a,}32, is bounded. Note that {zx,|n € S} is a set of basis of V and «;, €
V, so {ax}2, is also bounded. To see why {a}32; is bounded, without loss of generality, assume
x,, - ,x, are linearly independent and spans space V. Then for each ay, it can be decomposed to
oy =Y.._, apx;. Therefore a:;—ak =>, aki:ch:I:i. Let A be the matrix such that A[i,j] =z, ;.
Then we have the linear equation Aay, =b where b; = :chak. Since b is uniformly bounded and A
is invertible, aty = A~'b is bounded, which implies that {a; ay}32, is bounded.

Thus, there exists a convergent subsequence of {a;}$2, and let the limit be a. Therefore x, o=
limy o @, oy, =limy, o @, 0. For {3, }52, € V4, we consider a normalized sequence {3, /|3, |},
Here, the normalized term equals 0 if 3, = 0. The bounded sequence {3,/||B3:|}7>, contains a

convergent subsequence and let the limit be @. For the limit 3, it holds that =3 =0 for all n € S.
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For n ¢ S, g(n) is equal to either 0 or 1, depending on the signs of x| 6, for sufficiently large
k. The reason why g(n) reaches the bound value 0,1 is that |z} 6| — co as k — co. Since ay, is
bounded, the sign of 8, is determined by =3, . Therefore, the limit &3 carries the same sign

as x, 6). Therefore, we have shown that every boundary type can be written as

d, itxT 8> 0,
dy,exp(z; o)+ (1-d,) .
* — n f T —
g’ (n) 1+exp(z] o) ifa,B=0,
1—d, ifz)B<0.

As for non-boundary type, the above expression holds trivially with 3 = 0.
More specifically, for the optimal solution g* to the subproblem, such a and 3 exist as well.
Suppose (a,B) does not maximize (), let g be constructed based on (6,,4,) according to

equation (), then it holds that

(2dn_1) < T T
=max » ——— ( H{z,9>0}+1{z,¥=0
> o (M b1 }

n=1

exp(]6)
1 +exp(x]0)

:i (2d";1) [1{@19* >0} +1{z] 9" =0} exp(z,, 0”) ]

= fw0) 1+exp(z, 07)
>; £y (n) [1{ nB> 0+ 1 ”'6_0}1+exp(:n,fa)}
o~ (2d, 1)
:;t‘(t)(n)g (n),

where the inequality holds because (6*,9%) is the optimal solution to the maximization prob-

lem () It is a contradiction to the fact that g* achieves the maximum value. O

EC.5. Details and Further Discussion of Numerical Experiments
EC.5.1. Aggregate Demand Model versus Individual Demand Model

So far, we have discussed the aggregate and individual-level demand models in terms of their power in
expressing consumer reference effects in Section B In addition, the rise of online retailing is a stimulus
for individual-level demand models. Compared to traditional retailing at brick-and-mortar stores,
online retailers acquire richer information of individual consumers through the online platform. Apart
from private identity information, each consumer’s shopping activities, including browsing, clicking
and purchasing, are tracked and recorded in data. The online retailer possesses price records that each
consumer actually encounters and the exact purchase decisions of each consumer. Such information,

as provided in the JD.com dataset, enables us to leverage our individual demand model and conduct
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effective estimation and optimization. Finally, although we do not allow personalized pricing in this
work, the estimated individual demand model provides a foundation for personalization, which can
be conducted similarly to Chen et al! (2022).

From the perspective of demand forecasting, the rapidly changing environment in online retailing
makes it more difficult to estimate aggregate demand models. With frequently changing prices, only
a few data points can be aggregated at each price, which may lead to greater noise when estimating
aggregate demand models. In addition, aggregate-level models are extremely restrictive in capturing
consumer heterogeneity in their behaviors. For example, if the online retailer wants to do retargeting
or provide personalized recommendations, only limited information can be extracted from aggregate
demand models. In contrast, each data point is utilized to estimate the parameters at the individual-

level demand model. In Section @, we further compare the two models using the JD.com dataset.

EC.5.2. Implementation and Metrics

In Section @, our nonparametric MLE approach is compared with three approaches: finite mixed
logit, single logit, and linear model. The most common benchmark for fitting the finite mixed logit
model is via the expectation-maximization (EM) algorithm. For the EM algorithm, we follow the
method described in Train (2008) and the implementation of the logisregmixEM function from a
popular R package mixtools (Benaglia et al| 2010). Algorithm E works well when the number of
components increases, ranging from 7 to 18 in our numerical experiments. The single logit model and

linear model are fitted via standard functions provided in the Python package sklearn.

Out of four estimation approaches under comparison, only the piece-wise linear model is at the
aggregate level while the other three are based on individual level logit models. In each replication
k, we aggregate the data points over a span of Sy (Sy = 25) so that the aggregate demand is the sum
of demand from S, data points and the aggregate price is the average price across Sy data points.
The aggregate linear model is then fitted on the M =|N/Sy| data points. The aggregate version of
metrics RMSE and MAE are defined similarly.

M

1 K R 1 K
MSE = D,, —D,,)? MAE =

M

‘Dm _[)m‘
=1

k=1m=1 m

where D,, is the total expected demand from the aggregated data points and D,, represents an

estimation via one of these approaches.

EC.5.3. Fitting with Aggregate-level Demand Model

Using transaction data from JD.com, we apply aggregate-level demand models for demand estimation
under reference effects. For the linear model (), D,=A—Bp;+Cy(ri—pi)+ +C_(r: —pt) -, where
A,B,C,,C_ are four parameters that need to be estimated from the data. Further specifications

are needed for definitions of periods and prices. Firstly, it is natural to segment time by day since
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it is a complete time cycle and demand per period is more stationary. Secondly, as reflected in the
dataset, the actual transaction prices over the same day may vary. This is partly due to various
coupons (limited availability), promotion (limited time), and group buying strategy on the JD.com
platform. For linear models, it is reasonable to take an average over the observed prices on each day.
The transaction data is aggregated by day and there are 31 days in March 2018. Table shows

the estimation result for three selected products.

Table EC.2 Estimation of Responsiveness Parameters in the Linear Demand Model

A B [oR ol

SKU1 120.327 20.721 0.782 0.226
SKU2 165.242 -2.454 0.723 -3.187
SKU3 -17.878 0.701 11.446 -0.219

EC.5.4. Results of the JD.com Dataset
The nonparametric MLE estimation results of three SKUs are shown in Table [E)Cd, [EC.Z}I7 and [E)Cd

All three results demonstrate strong consumer heterogeneity in their response to reference effects,
although there exist some dominant market segments with significantly higher proportion (0.424,
0.535, and 0.310 in three cases respectively). We note that the signs of coefficients of the dominant
market segments align with the intuition that demand increases as reference price increases and price
decrease. The common appearances of 0’s in the last element of the 1 parameter are due to a special
fact in the real dataset. For most transactions in the real dataset, the reference price is higher than
the price due to a rather large initial reference price, as is commonly observed in practice that the
retailers may show a rather high original price in the product page. Consequently, the last element
(r —p)_ of the feature vector x is 0 for most data points. After running a SVM based procedure
in the ¥ step of Algorithm E, the last element of 9 often becomes 0 because those few units with
nonzero (r —p)_ often do not play a role in deciding the position of the separating hyperplane. On
the other hand, the last element of 8 is not necessarily 0 because in the @ step of Algorithm a the

optimization procedure aims to maximize the sum of log likelihood functions of all data points.

Table EC.3 Complete Estimation Results of SKU1 'adfedb6893’

Proportion w Responsiveness parameters 0 Extreme parameter 9
0.931 -527864.03 | 236067.989 | -527864.03 | 999999.981 |00 |0 0
0.046 -10925.237 | -245805.52 | -103169.52 | 318714.318 | 0|0 |0 0
0.023 -0.228 0.793 0.795 0.137 01010 0

In Table B of Section B, we compare the long-term revenue of all four methods under the demand

response simulated by the nonparametric MLE estimation results. On the contrary, we may simulate
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Table EC.4 Complete Estimation Results of SKU2 '3¢79df1d80’

Proportion w Responsiveness parameters 6 Extreme parameter 9
0.656 124716.238 | 123425.097 | -275988.2 | 522839.046 | O 0 0 0
0.281 -0.973 0.207 0.292 0.635 0 0 0 0
0.063 62183.915 | -171452.9 |-244198.6 | 120987.604 0 0 0 0

Table EC.5 Complete Estimation Results of SKU3 'b5cb479f7d’

Proportion w Responsiveness parameters 6 Extreme parameter 9
0.647 697034.754 | 406886.594 | 267553.335 | 45915.053 0 0 0 0
0.13 -527864.03 | 236067.989 | 216953.347 | 999999.981 | 1.023 | 3.263 | 2.718 | 0
0.059 115716.362 | 430522.912 | 519592.215 | 995693.066 | 22.151 | 1.299 | 0.656 | 0
0.052 -78949.07 | -3387.263 | -5026.518 | 487742.478 | -80.494 | -2.244 | -1.463 | 0
0.032 -74162.321 | 115676.876 | 98583.433 | 490049.124 | -17.641 | 3.325 | 3.349 | 0
0.025 -11275.278 | 150931.9 | 158840.032 | 639360.55 0 0 0 0
0.022 -527864.03 | 236067.989 | 252204.707 | 999999.981 0 0 0 0
0.018 65769.991 | -51847.703 | -132755.98 | 750776.405 | -34.938 | -1.433 | -1.49 |0
0.014 -268989.76 | 242804.373 | 475836.851 | -75457.33 |-53.217|-0.393 | 1.88 |0

the demand response simulated by the remaining three methods respectively and compare the long-
term revenues. Table shows the result when the demand is simulated by the aggregate linear
model. We focus on this case because this linear model is most widely used in practice. As expected,
policy by the aggregate linear model performs the best since the demand response is simulated by
itself. Notably, among the three individual level models, nonparametric MLE still outperforms the
other two methods. For both SKU1 and SKU2, the performance of nonparametric MLE are decently
close to the optimal policy by the aggregate linear model. We provide some explanation on the
different behavior in SKU3 in Table . For SKU3, the estimated linear model has a negative
intercept (the parameter A in Definition ()) as shown in Table . Because linear model itself
does not naturally prevent negative demand, it is possible that the calculated linear demand is
negative under certain pairs of price and reference price. On the contrary, the demands under all
three individual level models are always non-negative by definition. Therefore, the pricing policy for
individual and aggregate linear models are rather different. In the case of SKU3, we see in Table
a major increase in revenue gap between aggregate linear model and the individual level models

compared to SKU1 and SKU2.

EC.5.5. Myopic Pricing Policy Applied to JD.com Data

Besides the optimal pricing policies, the myopic pricing policy could be of interest to practitioners.
Previously in Section , we have obtained that the performance of myopic pricing policies in
simulation. Using the estimation results of the JD.com dataset, we empirically study the performances
of myopic pricing policies and find that the mean (median) long-term revenue for three SKUs are

145.117(145.119), 797.257 (823.848), and 64.433 (66.714) respectively, which are decently close to
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Table EC.6  Long-term Revenue in Simulations (with Aggregate Linear Model as Ground Truth)

SKU1 SKU2 SKU3
Mean Median Mean Median Mean Median

Nonparametric MLE  758082.020 758027.074 368106.529 369167.012 11217.728 10397.791
Mixed Logit via EM  758082.020 758027.074 337919.187 339719.390  498.146 0.000
Single Logit 683486.940 688191.602 336555.397 337411.023 0.000 0.000

Aggregate Linear ~ 758399.425 758316.097 385382.842 385356.246 32827.100 31630.088

Policy\Revenue

Notes: Zero revenue occurs when the generated pricing policy leads to negative demand based on

the aggregate linear model, which is then truncated to zero when computing revenue.

the long-term revenue of nonparametric MLE in Table E This suggests that myopic pricing policy

may serve as a good approximation in practice.

EC.5.6. Examining Price Endogeneity

We examine the issue of price endogeneity in our case study of the JD.com dataset. As suggested
in Ferreira et al) (2016, Appendix C), we calculate the sample correlation coefficient between the
error d; — d, and the price p;, and use it as a test of influences due to endogeneity. We calculate the
correlation coefficients based on the processed data and estimated results introduced in Section @
Among all tested SKUs, the magnitudes of correlation coefficients range from 0.016 to 0.30 with
an average of only 0.16, which suggests that our estimation method on the JD.com dataset might
not be troubled by the endogeneity issue in any significant way. On the other hand, if a reasonable
instrumental variable for price-demand, potentially from additional data sources, were available,
there are multiple methods to further correct endogeneity in the data, such as adopting the control

function approach in Petrin and Train (2010).
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